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ABSTRACT: A constitutive model for the material behaviour of sand under cyclic loading is presented. The
explicit formulas predicting the accumulation of strain under drained conditions and pore water pressure devel-
opment under undrained conditions are derived on the basis of cyclic triaxial tests and cyclic multiaxial direct
simple shear (CMDSS) tests. This paper presents the results of numerous triaxial tests with uniaxial cyclic
loading, i.e. only the vertical stress component was varied. The influence of strain amplitude, average stress
and initial density on the intensity of accumulation and the cyclic flow rule is pointed out. The results of cyclic
triaxial tests with a simultaneous variation of lateral and vertical stresses as well as the experiments with the
CMDSS device are presented in the companion paper, Wichtmann et al. (2004b).

1 INTRODUCTION

Since the stress - strain response is not perfectly
reversible cyclic loading leads to an accumulation
of strain in soils under drained conditions and to a
rise of pore water pressure if drainage is prevented.
These cumulative phenomena may lead to large set-
tlements endangering the serviceability of structures
(e.g. foundations of magnetic levitation train). In the
undrained case cyclic loading may generate high pore
pressures and even lead to a loss of the bearing capac-
ity of a foundation (e.g. foundations of off-shore wind
power plants). The cyclic accumulation may also be
helpful for the mechanical densification of artificial
poured soil deposits.

For an accurate prediction of settlements or pore
water generation under cyclic loading an appropriate
constitutive model is needed. Concerning the calcu-
lation of the accumulation due to cyclic loading two
strategies can be distinguished. In the implicit method
each cycle is incrementally calculated using a high
quality constitutive model for monotonic loading. The
accumulation results from the fact that the loops are
not perfectly closed. However, small systematic errors
of the material model or the integration routine accu-
mulate with each cycle and may reach the magnitude
of the physical accumulation. Thus, the implicit ap-
proach is not suitable for higher numbers of cycles
(N > 50).

Explicit (N -type) models predict the accumulation
due to a bunch of ∆N cycles within a single incre-
ment directly by empirical formulas. A representative

cycle is calculated incrementally in order to determine
the strain amplitude from the strain path during this
cycle. The strain amplitude is the basic parameter of
the explicit model. After several hundreds of cycles
an implicit calculation (so-called control cycle) can
be inserted in order to consider changes in the elastic
material behaviour due to void ratio changes or stress
redistributions.

Our material model is explicit. The empirical for-
mulas were derived on the basis of numerous cyclic
triaxial tests and cyclic multiaxial direct simple shear
(CMDSS) tests. This paper deals with the influence
of the average stress σ

av, the strain amplitude εampl

and the initial density e on the intensity and direc-
tion (flow rule) of accumulation. The incorporation of
these effects in the material model is presented. In the
cyclic triaxial tests performed for this purpose only
the vertical stress component was varied.

A special attention is given to isotropic com-
pression cycles. In the literature one may find that
their effect can be disregarded. The companion pa-
per (Wichtmann et al. 2004b) presents cyclic triaxial
tests with a simultaneous variation of the vertical and
lateral stress components, thus different ratios of de-
viatoric and volumetric portion of the strain loop and
their contribution to the accumulation process were
studied. The influence of the shape of the strain loop
and the effect of changes of the strain polarization
during cyclic loading were studied in the CMDSS
tests. The companion paper also summarizes the re-
sults of these tests and the incorporation of the ob-
served material behaviour in the constitutive model.



A detailed review of literature concerning cyclic
laboratory tests on non-cohesive materials is given by
Wichtmann et al. (2004a).

2 NOTATION

For an arbitrary state variable t we define its average
value tav upon a cycle in such way that tav is the cen-
ter of the smallest sphere that encompasses all states
t(i) of a given cycle. The average value tav should
not be mixed up with the mean value 1

n

∑n
i=1t(i). The

amplitude is defined as tampl = max‖ t(i) − tav ‖.
A more elaborated definition of a multiaxial ampli-
tude (including polarization and openness of the strain
loop) is given in Niemunis et al. (2004).

In this paper the effective Cauchy stress σ is used
with the Roscoe invariants p = tr(σ)/3 and q =
√

3/2 ‖σ∗‖ and the conjugated strain rates ε̇v and ε̇q

such that p ε̇v + q ε̇q = σ : ε̇. Using the so-called ex-
plicit description of the cumulative behaviour of soil
the word ”rate” means the derivative with respect to
the number of cycles N , that is ṫ = ∂ t /∂N . t∗

denotes the deviatoric part of t. Sometimes we also
use the isomorphic variables P =

√
3 p, Q =

√

2/3 q,

ε̇P = 1/
√

3 ε̇v and ε̇Q =
√

3/2 ε̇q in order to preserve
orthogonality in the invariant space. We denote the
axial components of stress and strain with the index
t1 and the lateral components with t2 and t3. The
Roscoe variables for the triaxial case are therefore
p = (σ1 + 2σ3)/3 and q = σ1 − σ3 and the conjugated
strain rates ε̇v = ε̇1 + 2ε̇3 and ε̇q = 2/3 (ε̇1 − ε̇3).

Stress obliquity may be expressed by η = q/p or
using the yield function Y = −I1I2/I3 (Ii: basic in-
variants of stress tensor σ) of Matsuoka and Nakai
(1982) as

Ȳ =
Y − 9

Yc − 9
Yc =

9− sin2 ϕ

1− sin2 ϕ
(1)

The critical friction angle is denoted by ϕ and the
peak one as ϕp. The variables η and Y are interrelated
via

Y =
27(3 + η)

(3 + 2η)(3− η)
(2)

The inclinations of the critical state line (see Fig. 1)
are

Mc =
6 sinϕ

3− sinϕ
, and Me = − 6 sinϕ

3 + sinϕ
(3)

for compression and extension and correspond to Ȳ =
1.

The average stress σ
av is superimposed with a

cyclic part with amplitudes σampl
1 and σampl

3 . This pa-
per presents exclusively tests where the lateral stress
σ3 was kept constant, i.e. σampl

3 = 0, corresponding to
stress paths with an inclination of tan(α) = 3 in the
p - q - plane (see Fig. 1). For the description of the
stress amplitude in such tests we use

ζ = σampl
1 /pav . (4)
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Figure 1. State of stress in a cyclic triaxial test

The strains under cyclic loading can be decom-
posed into a residual and a resilient portion denoted
by the superscripts tacc and tampl, respectively. We
abbreviate

εacc = ‖εacc‖ =
∫

ε̇
accdN (5)

For triaxial tests with σ
av = const. the direction of the

accumulated strain is almost constant and therefore
εacc =

√

(εacc
1 )2 + 2(εacc

3 )2. As a scalar measure of the
direction of accumulation the strain ratio

ω = εacc
v /εacc

q (6)

is used, wherein εacc
v and εacc

q are the cumulative volu-
metric and deviatoric strain components, respectively.
The basic variable that dictates the rate of accumula-
tion is chosen to be the strain amplitude. In the eval-
uation of the cyclic triaxial tests the deviatoric part of
the strain amplitude was initially believed to be alone
responsible for the accumulation. Therefore we define

γampl = (ε1 − ε3)
ampl =

√

3

2
(ε∗)ampl (7)



This assumption turned out to be controversal. Re-
cently the volumetric amplitude has been studied in
Wichtmann et al. (2004b).

Specimen density is described by the density index
ID = (emax − e)/(emax − emin) with the maximum
and minimum void ratios determined from standard
tests.

3 MATERIAL MODEL

The purpose of the cyclic triaxial tests was to pro-
vide data for an explicit constitutive model which de-
scribes the phenomenon of cyclic accumulation. The
general stress-strain relation has the form

σ̇ = E : (ε̇− ε̇
acc) (8)

wherein E denotes an elastic stiffness calculated for
the given stress σ. The rate of strain accumulation ε̇

acc

is proposed to be

ε̇
acc = ε̇acc m = (ε̇acc A + ε̇acc B) m

= fampl fp fY fe fπ (ḟ A
N + ḟ B

N ) m (9)

with the direction expressed by the unit tensor m (for
triaxial tests ω =

√

3/2 tr m/‖m∗‖ holds) and with
the intensity ε̇acc = ‖ε̇acc‖. ε̇acc is proposed to be de-
composed into a part ε̇acc A related to the structure of
the material and a residual part ε̇acc B which becomes
dominant for large numbers of cycles. The accumu-
lated structural deformation εacc A is treated as a state
variable enabling the calculation of subsequent pack-
ages of cycles with different amplitudes (see Niemu-
nis et al. 2004 and Subsection 5.4).

The intensity of strain accumulation ε̇acc depends
on the strain amplitude γampl, the applied number of
cycles N , the average stress pav, Ȳ av, the void ratio e,
the cyclic strain history π and the shape of the strain
loop. In the proposed expression (9) the respective
functions describe the following contributions

fampl: strain amplitude γampl

fp: average mean stress pav

fY : average stress ratio Ȳ av

fe: void ratio e
fπ: polarization of strain amplitude
ḟ A

N , ḟ B
N : number of cycles N

These functions were derived on the basis of the per-
formed cyclic triaxial tests and are presented in the
following sections, see also Table 1. The main objec-
tive of the cyclic triaxial test program was to separate
the above mentioned six parameters, to provide exper-
imental evidence for the assumed dependencies and to
determine the material constants.

The irreversible deformation generated by the first
so-called irregular cycle that is applied next to mono-
tonic loading differs strongly from the accumulation
in the subsequent cycles. This accumulation is usually
much larger than the accumulation caused by the reg-
ular (second and subsequent) cycles (Fig. 2), at least
for freshly pluviated samples. Therefore this very first
cycle must be treated separately. The cycle N = 1
refers to the first regular cycle. The irregular cycle
and the first regular cycle are calculated implicitly.
This is necessary because one needs a representative
information about one full regular cycle in order to
estimate the strain amplitude, its polarization etc. The
irregular cycle is not suitable for this purpose. Note
that if the irregular cycle happened to be similar to
the subsequent ones (to be actually regular) the above
mentioned precaution in the FE calculation is redun-
dant but safe.
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Figure 2. Irregular and subsequent regular cycles

4 TEST DEVICE AND MATERIAL

A scheme of a typical test device used in the cyclic
triaxial tests is presented in Figure 3. The samples
were prepared by pluviating dry sand out of a fun-
nel into a cylindrical mould. The samples were either
dry or fully saturated. Volume changes were measured
via local non-contact displacement transducers or the
pore water, respectively. The average and the cyclic
vertical force were controlled by a pneumatic loading
system. More details on the preparation of samples
and the assembly of the test device can be found in
Wichtmann et al. (2004a).

All tests were performed on a uniform medium
sand (d50 = 0.55 mm, U = 1.8). The grain distribution
curve, the maximum and minimum void ratios and the
critical friction angle are presented in Figure 4.
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Figure 3. Scheme of cyclic triaxial test device
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Figure 4. Grain distribution curve, maximum and mini-
mum void ratios and critical friction angle of the used
medium sand

5 TEST RESULTS

5.1 Influence of the strain amplitude

The strain amplitude is more suitable than the stress
amplitude for the description of the accumulation rate
because the same strain corresponds approximately to
the same mobilized friction angle. As we demonstrate
in Section 5.2 the influence of pav cannot be com-
pletely eliminated from the model.

The influence of the amplitude on accumulation
was studied in a series of tests with varying stress am-
plitudes between 0.06 ≤ ζ ≤ 0.47 (12 kPa ≤ σampl

1 ≤
94 kPa). The constant average stress was kept at pav =
200 kPa, ηav = 0.75 in all tests and the initial relative
density of the dry specimens was 0.55 ≤ ID0 ≤ 0.64,
wherein ”initial” means after the irregular cycle.
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Figure 5. Shear strain amplitude γampl as a function of the
number of cycles N (all tests: pav = 200 kPa, ηav = 0.75,
0.55 ≤ ID0 ≤ 0.64)

Keeping ζ(N) constant a small decrease of shear
strain amplitude γampl with N was noticed, especially
during the first 100 cycles and for higher amplitudes
(Fig. 6). This variation can be disregarded and γ =
∫Nmax

1 γ dN/Nmax is used in the following evalua-
tions.
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Figure 6. Accumulated strain εacc as a function of the num-
ber of cycles N in tests with different shear strain ampli-
tudes γampl (all tests: pav = 200 kPa, ηav = 0.75, 0.55 ≤
ID0 ≤ 0.64)

A linear proportionality between ζ and γampl was
observed. Figure 6 presents the accumulated strain
εacc as a function of the number of cycles at different
shear strain amplitudes γampl in a diagram with semi-
logarithmical scale. Only regular cycles are shown.
The accumulated strain was found to increase almost
linearly with the logarithm of the number of cycles
up to N ≈ 1,000 and then overlogarithmically as dis-
cussed in Subsection 5.4. From Figure 6 it can be
clearly seen that higher shear strain amplitudes γampl

cause a larger accumulation εacc. In Figure 7 the accu-
mulated strain is presented as a function of the square



of the shear strain amplitude for different numbers of
cycles. Accumulation εacc turns out to increase pro-
portionally to (γampl)2, independently of N . The fol-
lowing amplitude function

fampl =

(

εampl

εampl
ref

)2

=

(

γampl

γampl
ref

)2

(10)

is proposed with the reference amplitude γampl
ref =

10−4.
On the basis of direct simple shear tests with dif-

ferent shear strain amplitudes Sawicki & Świdziński
(1987, 1989) proposed a ”common compaction
curve”, i.e. for identical initial density the curves
εacc(N(γampl)2) fall together. In Figure 8 the accu-
mulated strain measured in our cyclic triaxial tests is
shown as a function of Ñ = N · (γampl)2. The ”com-
mon compaction curve” could not be confirmed in our
triaxial results.

However, the influence of γampl and N cannot be
fully uncoupled because the number of cycles as such
(irrespectively of their amplitude) is not a good state
variable, see discussion in Section 5.4.
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Figure 7. Accumulated strain εacc as a function of the
square of the shear strain amplitude (γampl)2 for different
numbers of cycles N (all tests: pav = 200 kPa, η = 0.75,
0.55 ≤ ID0 ≤ 0.64)

Figure 9 presents the strain ratio ω as a function of
the shear strain amplitude. For higher γampl ω was al-
most independent of γampl. At smaller shear strain am-
plitudes the accumulated volumetric and deviatoric
strains were very small and therefore the values of ω
could be inaccurate. Thus, the direction of accumula-
tion is assumed to be independent of the shear strain
amplitude. Plots of ω over N demonstrate an increase
of the volumetric part of the accumulated strain with
the number of cycles. This observation was confirmed
both with dry and saturated specimens independent on
the method of volume measurement.
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Figure 8. Accumulated strain εacc in dependence on the
weighted number of cycles Ñ = N · (γampl)2 in tests with
different shear strain amplitudes γampl (all tests: pav = 200
kPa, η = 0.75, 0.55 ≤ ID0 ≤ 0.64)
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Figure 9. Strain ratio ω as a function of shear strain ampli-
tude γampl for different numbers of cycles N (all tests: pav

= 200 kPa, η = 0.75, 0.55 ≤ ID0 ≤ 0.64)

5.2 Influence of the average stress

The average stress σ
av alone was found to dictate the

flow rule m. Its influence on the accumulation rate is
of crucial importance as demonstrated below.

The average stress σ
av was varied between 50 kPa

≤ pav ≤ 300 kPa and −0.88 ≤ ηav ≤ 1.375. The tests
with ηav ≥ 0 (denoted as cyclic compression tests)
were performed with an amplitude ratio of ζ = 0.30.
In the cyclic extension tests (ηav ≤ 0) ζ = 0.20, ζ =
0.10 and ζ = 0.05 were used depending on the near-
ness of σ

av to the static failure line. The specimens
in both compression and extension tests were pre-
pared within a small range of initial densities (0.57 ≤
ID0 ≤ 0.69) and tested under saturated conditions. In
the cyclic compression tests 100,000 cycles were ap-
plied with a frequency of 1 Hz. For technical reasons,
a frequency of 0.1 Hz was used in the cyclic extension
tests and the maximum number of cycles was limited
to 10,000.



A series of six compression tests with identical
average stress ratio (ηav = 0.75) but different aver-
age mean pressures pav keeping ζ = 0.30 constant
(for cyclic stress paths see Fig. 10a) is presented in
Figures 11 - 14. The strain amplitudes slightly in-
creased with increasing average mean pressure due to
the well known dependence of stiffness G ∼ pn (here:
n = 0.75), i.e. slightly underproportional to p.
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Figure 10. Cyclic stress paths in the tests with different av-
erage stresses σ

av
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Figure 11. Strain amplitudes in cyclic compression tests
with different average mean pressures (all tests: ηav = 0.75,
ζ = 0.30, 0.61 ≤ ID0 ≤ 0.69)

Figure 12 presents the accumulated strain as a func-
tion of the average mean pressure pav for different
numbers of cycles. In this comparison the residual
strain has been normalized, i.e. divided by the ampli-
tude function (10). The interesting observation could
be made that the accumulated strain significantly in-
creased with decreasing average mean pressure. This
pressure dependence is stronger for large Ns. The
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Figure 12. Accumulated strain εacc divided by the ampli-
tude function fampl in dependence on the average mean
pressure pav for different numbers of cycles (all tests: ηav =
0.75, ζ = 0.30, 0.61 ≤ ID0 ≤ 0.69)

function fp is proposed in the simple form

fp = exp

[

−Cp

(

pav

patm
− 1

)]

. (11)

The atmospheric pressure patm = 100 kPa is used as a
reference for which fp = 1 holds. Equation (11) was
fitted to the data in Figure 12 for different numbers of
cycles. The corresponding curves are shown as solid
lines in Figure 12. Actually the parameter Cp could be
made dependent on the number of cycles, however, in
order to keep the number of material constants man-
ageable, a constant value of Cp is proposed. In accor-
dance with remarks later in this subsection the mate-
rial constant was chosen to be Cp = 0.44.
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Figure 13. Strain ratio ω as a function of average mean
pressure pav for different numbers of cycles N (all tests:
ηav = 0.75, ζ = 0.30, 0.61 ≤ ID0 ≤ 0.69)

The direction of accumulation was found to be rel-
atively unsensitive to changes in the average mean
pressure keeping ηav constant (Fig. 13). However, a



slight increase of strain ratio ω with decreasing av-
erage mean pressure could be observed. Moreover a
slight increase of ω with N could be monitored. Of
course, having reached a theoretical state of maxi-
mum density this tendency is expected to inverse, i.e.
only deviatoric accumulation will be possible.

Six cyclic extension tests varying the average mean
pressure (50 kPa ≤ pav ≤ 300 kPa) but holding ηav

= -0.5 constant were performed. The amplitude ratio
was ζ = 0.20 and all initial densities ID0 lay between
0.62 and 0.66. The cyclic stress paths are presented in
Fig. 10b.

In Figure 14 the measured strain amplitudes are
plotted versus pav. A proportionality G ∼ pn was ob-
served but the exponent was found to be n = 0.52,
which is close to values determined from dynamic
tests on the respective sand (Wichtmann & Triantafyl-
lidis 2004a,b) and less than the value measured in the
cyclic compression tests (probably due to higher am-
plitudes in the latter case).
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Figure 14. Strain amplitudes in cyclic extension tests with
different average mean pressures (all tests: ηav = -0.50, ζ =
0.20, 0.62 ≤ ID0 ≤ 0.66)

Figure 15 presents the accumulated strain normal-
ized by fampl as a function of the average mean pres-
sure. As in the cyclic compression tests accumulation
increased with decreasing pav. The function fp also
fits well these test results for pav ≥ 100 kPa. How-
ever, the large accumulation in the test with pav = 50
kPa is not captured by fp. Fitting fp to the tests with
pav ≥ 100 kPa lead to material constants that increased
from Cp = 0.08 for N = 20 to Cp = 0.44 at N = 10,000
(comparable to the cyclic compression tests). Also for
ηav ≤ 0 the direction of accumulation was found to be
independent of pav for ηav = const. (Fig. 16).

The dependence εacc(N) observed in both average
compression and extension tests of these series is in
agreement with the shape of the curves shown in Fig-
ure 6.

The results of a series of eleven tests with 0.375 ≤
ηav ≤ 1.375 (0.088 ≤ Ȳ av ≤ 1.243) and pav = 200
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Figure 15. Accumulated strain εacc divided by the ampli-
tude function fampl in dependence on the average mean
pressure pav for different numbers of cycles (all tests: ηav =
-0.50, ζ = 0.20, 0.62 ≤ ID0 ≤ 0.66)
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Figure 16. Strain ratio ω as a function of average mean
pressure pav for different numbers of cycles N (all tests:
ηav = -0.50, ζ = 0.20, 0.62 ≤ ID0 ≤ 0.66)

kPa = const and ζ = const (for cyclic stress paths see
Fig. 10c) are presented in Figures 17 - 19.

The strain amplitudes slightly decreased with in-
creasing ηav as shown in Figure 17. The accumulated
strain for normalized amplitude over stress ratio Ȳ av

is plotted for different numbers of cycles in Figure
18. The accumulation increases with Ȳ av. For Ȳ av >
1.243 (η > 1.375) the rate of accumulation suddenly
explodes reaching nearly 20 % after 100,000 cycles.
This can be explained by the fact that for Ȳ av = 1.243
the maximum deviatoric stress qmax = qav + qampl dur-
ing a load cycle lies above the peak friction angle
ϕp = 36.8◦ obtained for ID = 0.63 in static triaxial
tests. Below this limit the function fY can be fairly
well approximated by

fY = exp
(

CY Ȳ av
)

(12)

The material constant 1.77 ≤ CY ≤ 2.25 can be
shown to be rather independent of the number of cy-
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Figure 17. Strain amplitudes in tests with different average
stress ratios ηav ≥ 0 (all tests: pav = 200 kPa, ζ = 0.30,
0.57 ≤ ID0 ≤ 0.67)
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Figure 18. Accumulated strain εacc divided by the ampli-
tude function fampl in dependence on the average stress ra-
tio Ȳ av for different numbers of cycles (all tests: pav = 200
kPa, ζ = 0.30, 0.57 ≤ ID0 ≤ 0.67)

cles. The value CY = 2.05 for N = 100,000 is set
into approach in the material model. For isotropic
(Ȳ av = 0) stresses fY = 1 holds.

Figure 19 shows the measured values of strain ratio
ω plotted over ηav. A decrease of ω with ηav is evi-
dent, i.e. with increasing deviatoric part of the aver-
age state of stress the accumulation gets more devi-
atoric, too. The critical stress ratio Mc(ϕ) was deter-
mined from static tests. For ηav < Mc(ϕ) densifica-
tion was observed. Specimens with an average stress
above the critical state line exhibited a dilative behav-
ior. This is in accordance with experimental results
of Luong (1982) and Chang & Whitman (1988). Es-
pecially for large numbers of cycles (N = 100,000)
the dependence ω(ηav) conforms with the flow rule of
the modified Cam Clay model ω = (Mc

2 − η2)/(2η)
as already suggested by Chang & Whitman (1988).
The agreement with the hypoplastic theory (K-model,
see Niemunis 2003) is also satisfactory. In our con-
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Figure 19. Strain ratio ω as a function of average stress
ratio ηav ≥ 0 for different numbers of cycles N (all tests:
pav = 200 kPa, ζ = 0.30, 0.57 ≤ ID0 ≤ 0.67)

stitutive model we ignore the change of the direction
of accumulation with the number of cycles. The hy-
poplastic flow rule is used for m.

Six tests with average extension were performed
with stress ratios varying in the range −0.88≤ ηav ≤ 0
and with a constant average mean pressure pav = 200
kPa. The samples were prepared with similar initial
densities 0.60 ≤ ID0 ≤ 0.66. Amplitude ratios of ζ =
0.20 were used in the tests with −0.625≤ ηav ≤ 0. For
higher amounts of the stress ratios ηav the amplitude
ratio was reduced in order to keep the minimum de-
viatoric stress qmin = qav − qampl above the static fail-
ure line. Therefore, at ηav = -0.75 and ηav = -0.88 the
amplitude ratios ζ = 0.10 and ζ = 0.05 were used, re-
spectively. The corresponding cyclic stress paths are
shown in Figure 10d.

Figure 20 presents the strain amplitudes measured
in the tests with ζ = 0.20. With increasing stress ra-
tio ηav (i.e. with decreasing absolute value) the ampli-
tudes decreased. Similar conclusions could be drawn
from Figure 17.

Figure 21 shows the accumulated strain normalized
with fampl as a function of the stress ratio Ȳ av (posi-
tive also in the extension case). Approaching the fail-
ure line the intensity of accumulation accelerated. In
the test with ηav = -0.88 (Ȳ av = 0.989) the accumu-
lation rate rapidly grew leading to εacc/fampl = 0.29
after 10,000 cycles. This is due to the minimum devi-
atoric stress qmin being very close to the static failure
line. The data of this test is not included in Figure 21
and is not captured by the proposed formulas. Simi-
lar observations were made in the cyclic compression
tests for ηav = 1.375 with qmax lying above the failure
line. The function fY of Equation (12) could be fitted
well to the experimental data in Figure 21 resulting
in material constants 2.17 ≤ CY ≤ 3.14 for different
numbers of cycles. For N = 10,000 CY = 2.17 was
determined lying close to CY = 2.15 obtained for N
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Figure 20. Strain amplitudes in tests with different stress
ratios (ηav ≤ 0) (all tests: pav = 200 kPa, ζ = 0.20, 0.60 ≤
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= 100,000 from the cyclic compression tests. Thus, it
can be concluded that the function fY proposed for
compression can be used for σ

av in triaxial extension
keeping CY = 2.15.

Figure 22 presents the measured ω for extension
and compares them with two theoretical flow rules for
monotonic loading. With increasing absolute value of
ηav the accumulation becomes more deviatoric. At an
average stress lying on the critical state line the ac-
cumulation was pure deviatoric. As observed in the
cyclic compression tests the volumetric portion of the
accumulation increased with the number of cycles, es-
pecially for small values of ηav. The hypoplastic flow
rule fits better the observed material behavior than the
modified Cam-clay model.

Next tests with average mean pressures pav = 100
kPa and pav = 300 kPa and different stress ratios
ηav > 0 (ζ = 0.30 = const.) were performed in order
to study if the functions fp and fY can be treated sep-
arately or if a more complex description ε̇acc(σav) via
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Figure 22. Strain ratio ω as a function of the average stress
ratio ηav for different numbers of cycles N (all tests: pav =
200 kPa, 0.60 ≤ ID0 ≤ 0.66)
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Figure 23. Accumulated strains εacc after 100,000 load
cycles for different average stresses (all tests: ζ = 0.30,
0.57 ≤ ID0 ≤ 0.69)

f(pav, Ȳ av) is needed.
In Figure 23 the residual strain is presented after

100,000 cycles as a function of the normalized av-
erage mean pressure pav/patm and the average stress
ratio Ȳ av. Figure 23 confirms, that everywhere the ac-
cumulation increases with decreasing average mean
pressure pav and increasing deviatoric stress Ȳ av.

Figure 24 shows, that the parameter Cp of the func-
tion fp after N = 100,000 cycles is (despite some
amount of scattering) relatively independent of the
stress ratio ηav. A dependence of Cp on the number
of cycles was found also in these tests. However, the
influence of the number of cycles on Cp is less pro-
nounced for high stress ratios ηav ≥ 1.25. In our ma-
terial model the mean value of Cp = 0.44 after 100,000
cycles is set into approach.

The function fY determined from tests with pav =
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200 kPa could be confirmed in the tests with pav =
100 kPa and pav = 300 kPa. In the case of the smaller
pressure values between 1.64 and 2.32 were obtained
for CY and different numbers of cycles, at the higher
pressure 1.61 ≤ CY ≤ 2.26 was determined (for com-
parison: 1.77 ≤ CY ≤ 2.25 for pav = 200 kPa). Thus,
the use of CY = 2.05 for pav 6= 200 kPa seems justi-
fied.

We conclude that fp and fY as uncoupled functions
can be admitted. Figure 25 presents curves of identi-
cal accumulation for N = 100,000, γampl = 3 · 10−4,
ID0 = 0.60. In a wide range of the p - q - plane the
curves εacc = const. run almost parallel to the line of
maximum shear strength η = Mc(ϕp).

The direction of accumulation at different average
stresses σ

av is shown in Figure 26. The direction of
accumulation is expressed by a unit vector with start-

ing point at (pav, qav). Only few of the large amount
of performed tests are shown in the case of pav = 200
kPa and ηav ≥ 0.
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5.3 Influence of the void ratio

Different initial void ratios (0.580 ≤ e0 ≤ 0.688,
0.63 ≤ ID0 ≤ 0.99) were tested. The average stress
(pav = 200 kPa, ηav = 0.75) and the amplitude ratio
(ζ = 0.30) were held constant within this series. The
specimens were water-saturated.

Figure 27 presents the strain amplitudes as a func-
tion of the initial void ratio e0. The condition ζ =
const. implies slightly higher strain amplitudes for
lower initial densities, because the shear modulus G
decreases with void ratio e. Fitting

G(e) ∼ (a− e)2

1 + e
(13)



0.56 0.58 0.60 0.62 0.64 0.66 0.68 0.70
0.0

1.0

2.0

3.0

4.0

5.0

Initial void ratio e0 [-]

S
tr

ai
n 

am
pl

itu
de

s 
[1

0-
4 ]

γ
ε1

εq

εvol

ampl

ampl

ampl

ampl

�  ~ 1/F(e) = (1+e) / (1.59 - e)2 

Figure 27. Strain amplitudes in tests with different initial
void ratios e0 (all tests: pav = 200 kPa, ηav = 0.75, ζ = 0.30)
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Figure 28. Accumulated strain εacc divided by the ampli-
tude function fampl in dependence on the actual void ratio
e for different numbers of cycles (all tests: pav = 200 kPa,
ηav = 0.75, ζ = 0.30)

of Hardin & Black (1966) to the curve of shear strain
amplitude over void ratio (γ ∼ 1/G(e)) leads to a =
1.59. In dynamic tests on the same sand (tests in a
resonant column device and comparative tests mea-
suring wave velocities with piezoelectric elements in
a triaxial cell, Wichtmann & Triantafyllidis 2004a,b)
a = 1.46 was determined for amplitudes γampl ≈ 10−6.
Thus, a quite similar relationship γampl(e) was found.

As it can be seen from Figure 28 the rate of ac-
cumulation is high for loose soils. The accumulated
strains in Figure 28 are normalized with the amplitude
function (10). Therefore the increase of the accumu-
lation rate with increasing void ratio in Figure 28 can-
not be attributed to the increase of shear strain ampli-
tude with void ratio. The following function (similar
to (13)) was found to describe the cyclic void ratio
dependence:

fe =
(Ce − e)2

1 + e

1 + eref

(Ce − eref)2
(14)

The material constant Ce = 0.52 was found to be
independent of the number of cycles. The reference
void ratio is eref = emax = 0.874, i.e. fe = 1 holds true
for e = emax. The data in Figure 28 has a larger scat-
ter than in the presentations of the cyclic triaxial tests
with variation of stress amplitude and average state of
stress, respectively. We contribute this to the method
of sample preparation since different outlet diameters
of the funnel were used.

In Figure 29a curves of identical accumulation εacc

= const. are plotted in the semi-logarithmically scaled
p - e - plane for N = 100,000, γampl = 3 · 10−4 and
ID0 = 0.60. From the schemes in Figure 29b it is ob-
vious that the inclination of the curves of identical ac-
cumulation εacc = const. is opposite to the curves of
identical material behaviour under monotonic shear-
ing. Thus, the concept of critical void ratio is not ap-
propriate for cyclic loading. For this reason the usage
of a coupled function f(e, pav) seems inconvenient.

The direction of accumulation was found to be in-
dependent of the void ratio for the range of densities
presented in Figure 30. For ID0 > 0.90 discrepancies
in the strain ratios ω were large and therefore these
strain ratios have been excluded from Figure 30. The
scatter can be attributed to ω calculated as a quotient
of two very small quantities.
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Figure 30. Strain ratio ω as a function of actual void ratio e
for different numbers of cycles N (all tests: pav = 200 kPa,
ηav = 0.75, ζ = 0.30)

5.4 Influence of the number of cycles

As already mentioned the accumulated strain grows
faster than the logarithm of the number of cycles, es-
pecially for large numbers of cycles N . For a constant
strain amplitude εacc(N) could therefore be proposed
to consist of a logarithmic and a linear part

εacc(N) ∼ CN1 [ln (1 + CN2N) + CN3N ]

= CN1 ln (1 + CN2N)
︸ ︷︷ ︸

εacc A

+CN1CN3N
︸ ︷︷ ︸

εacc B

(15)
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Introducing the accumulated structural strain εacc A as
a state variable one may write the rates as

ḟ A
N = CN1CN2 exp

(

− εacc A

fi CN1

)

ḟ B
N = CN1CN3 (16)

with the abbreviation fi = fampl fp fY fe fπ. As
demonstrated by Niemunis et al. (2004) using εacc A

as a state variable (i.e. the combined effect of N and
εampl rather than N ) enables the material model to cap-
ture packages of cycles with varying amplitudes.

In order to determine the material constants CNi

the accumulation εacc(N) measured in the cyclic tri-
axial tests is divided by the functions fampl, fp, fY ,
fe and fπ and represented as a function of N in Fig-
ure 31. In the cyclic triaxial case fπ = 1 holds true
since the polarization of the strain amplitude is not
changed during cyclic loading. Figure 31 does not
contain the test with the maximum deviatoric stress
qmax > Mc(ϕp) because it lies beyond the scope of
our formulas. Also the tests with ID0 > 0.90 are ex-
cluded from fitting of the function fN because of the
scatter of data. All other curves lie within a narrow
band. The curve presented as solid line in Figure 31
corresponds to Equation (15) with CN1 = 1.9 · 10−4,
CN2 = 0.547 and CN3 = 5.78 · 10−5. Equation (15)
alone describes εacc(N) for γampl = γampl

ref , pav = patm,
Ȳ av = 0 and e = emax, i.e. for all other functions equal
1.

In three additional tests 2,000,000 cycles with a fre-
quency of 1 Hz were applied to saturated specimens
at an average stress pav = 200 kPa, ηav = 0.75. An am-
plitude ratio of ζ = 0.30 was used. Figure 32 shows
the development of the residual strain εacc normalized
by the amplitude function fampl with the number of
cycles. It becomes clear that in the semi-logarithmic
diagram even after 2,000,000 cycles no abation of the
accumulation could be detected and the curves still
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Figure 31. Accumulated strain εacc divided by the functions
fampl, fp, fY , fe and fπ as a function of the number of
cycles

grow faster than the logarithm of N . Thus, Equation
(15) is also valid for N > 100,000.

However, some lack of clarity exists concerning the
evaluation of the direction of accumulation with N
at higher numbers of cycles. In two of the three tests
(Nos. 1 and 3, performed in different triaxial devices)
a huge increase of ω especially after 500,000 cycles
was measured (Fig. 33) while in the third test this in-
crease was much less. It is not clear up to now, if these
observations are caused by real material behaviour or
if they are due to errors in the testing procedure (e.g.
diffusion processes of cell water through the mem-
brane into the specimen over the long duration of a
test (approximately 4 weeks)). Further experimental
work is planned on this field.

6 SUMMARY AND CONCLUSIONS

Numerous cyclic triaxial tests with varying average
stresses (triaxial compression and extension), ampli-
tudes and initial densities were performed. The main
conclusions from these tests are:
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Figure 33. Strain ratio ω plotted against the number of cy-
cles N in tests with Nmax = 2 · 106 cycles (all tests: pav =
200 kPa, ηav = 0.75, ζ = 0.30)

• The residual strain εacc increases with the num-
ber of cycles while the accumulation rate ε̇acc

decreases.

• The accumulated strain εacc increases faster than
the logarithm of the number of cycles N .

• The accumulation rate does not vanish even after
an application of 2 · 106 cycles.

• The strain accumulation is proportional to
the square of the shear strain amplitude,
εacc ∼ (γampl)2.

• The so-called ”common compaction curve”
(Sawicki & Świdziński 1987, 1989) could not
be reproduced in the triaxial tests.

• The direction of accumulation does not depend
on the applied shear strain amplitude.

• The volumetric part of the direction of accumula-
tion slightly increases with the number of cycles.

Function Mat. constants

fampl =

(

γampl

γampl
ref

)2

γampl
ref 10−4

ḟ A
N = CN1CN2 exp

(

− εacc A

fi CN1

)

CN1 1.9 · 10−4

ḟ B
N = CN1CN3 CN2 0.547

CN3 5.78 · 10−5

fp = exp

[

−Cp

(

pav

patm
− 1

)]

Cp 0.44

patm 100 kPa

fY = exp
(

CY Ȳ av
)

CY 2.05

fe =
(Ce − e)2

1 + e

1 + eref

(Ce − eref)2
Ce 0.520

eref 0.874

fπ = 1 + Cπ1

[

1−
(−→

A ε :: π

)Cπ2

]

Cπ1 4.0

π̇ = Cπ3

(−→
A ε −π

)

‖Aε‖2 Cπ2 0.5

Cπ3 178.4

Table 1. Summary of the partial functions fi and a list of
the material constants Ci for the tested sand

• The accumulated strain εacc increases with
decreasing average mean pressure pav for σ

av in
both cases ηav ≤ 0 and ηav ≥ 0.

• The dependence of the direction of accumulation
on the average mean pressure pav is negligible.

• The accumulated strain εacc increases with
increasing average stress ratio Ȳ av, i.e. with an
approach toward the failure lines (valid for σ

av

in compression and extension).
• If the maximum or minimum deviatoric

stress during a cycle qmax = qav + qampl or
qmin = qav − qampl approaches or exceeds the
static failure lines the rate of accumulation
rapidly increases.

• The direction of accumulation is in agreement
with the flow rules of the modified Cam-clay
model and the hypoplastic K-model for ηav ≥ 0.
For ηav ≤ 0 the hypoplastic flow rule fits better
the observed material behaviour.

• The accumulated strain εacc is greater for looser
material, see fe.

• The direction of accumulation does not signifi-
cantly depend on the void ratio, at least for the
tested range of densities.



An explicit material model was proposed on the ba-
sis of the cyclic triaxial test results in conjunction with
experimental findings concerning the influence of the
shape and the polarization of the strain loop presented
in the companion paper, Wichtmann et al. (2004b).
Table 1 summarizes the functions fi and the material
constants Ci of the proposed model.
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