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Abstract

The presented results of cyclic triaxial tests on sand demonstrate that the cumulative effects due to small
cycles obey a kind of flow rule. It mainly depends on the average stress ratio about which the cycles are performed.
This so-called ”cyclic flow rule” is unique and can be well approximated by flow rules for monotonic loading.
Amongst others it is shown that the cyclic flow rule is only moderately influenced by the average mean pressure,
by the strain loop (span, shape, polarization), the void ratio, the loading frequency, the static preloading and the
grain size distribution curve. A slight increase of the compactive portion of the flow rule with increasing residual
strain (due to the previous cycles) was observed. These experimental findings prove that the cyclic flow rule is an
essential and indispensable concept in explicit (N-type) accumulation models.
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1 Introduction

Cyclic loading leads to an accumulation (of stress or
strain) in soils. This paper deals with high-cyclic
loading (N ≥ 104) with relatively small amplitudes
(εampl < 10−3). In FE predictions of residual settle-
ments two numerical strategies can be distinguished,
the implicit and the explicit one. In the implicit method
each cycle is calculated with a σ̇-ε̇ constitutive model
(e.g. with an elastoplastic multi-surface model, e.g.
[11], an endochronic model, e.g. [20] or the hypoplastic
model with intergranular strain [5,8,14,21]) and many
strain increments. Due to the unintentional accumu-
lation of systematic (e.g. numerical) errors [12] and
the huge calculation effort [22], the application of this
method is restricted to a low number of cycles (say,
N < 50).

For high-cyclic loading explicit models are more suit-
able. Several such models were proposed in the litera-
ture [1,3,4,6,7,10,15–18]. They treat the accumulation
of residual strain or stress under cyclic loading similar
to the problem of creep under constant loads. The basic
constitutive equation is similar to that of viscoplastic
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models with the number of cycles N replacing time t:

σ̇ = E : (ε̇ − ε̇
acc) (1)

with the Jaumann stress rate σ̇ of the Cauchy stress
σ, the stretching ε̇ (in our case obtained as the ma-
terial derivative of the Hencky’s logarithmic strain ε,
but with positive compression), the given accumulation
rate ε̇

acc and the pressure-dependent elastic stiffness E.
In the context of cyclic loading ”rate” means a deriva-
tive with respect to the number of cycles N (instead
of time t), i.e. ṫ = ∂ t /∂N . Explicit models predict
the average accumulation curve without following the
strain path during the particular cycles. The given ac-
cumulation rate ε̇

acc can be written as a product of a
scalar intensity of strain accumulation ε̇acc and a ten-
sorial direction of strain accumulation (cyclic flow rule
m = unit tensor):

ε̇
acc = ε̇acc

m (2)

The following sections present the results of numer-
ous drained cyclic triaxial tests in order to examine
the variability and to establish an empirical formula
for m(σav, ...). The influence of the average stress, of
the stress loop (span, shape, polarization), the void ra-
tio, the loading frequency, the static preloading and
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the grain size distribution curve is studied. It is demon-
strated that m depends essentially on the average stress
ratio ηav = qav/pav. This dependence can be well ap-
proximated by the flow rules of constitutive models for
monotonic loading (e.g. modified Cam clay model, hy-
poplastic model).

These experimental findings facilitate the develop-
ment of explicit accumulation models. The flow rule m

can be treated separately from the intensity ε̇acc. Re-
grettably, only few models [1, 15, 18] incorporate such
kind of flow rule.

2 Notation

The sign convention of soil mechanics (compression
positive) is used. The notation is given for the tri-
axial test with the axial stress σ1 and the lateral stress
σ2 = σ3. The Roscoe invariants p (mean pressure) and
q (deviatoric stress) of the Cauchy stress σ are

p =
1

3
(σ1 + 2 σ3) (3)

q = σ1 − σ3 (4)

Alternatively, the isomorphic variables P =
√

3 p and
Q =

√

2/3 q may be used [13]. The obliquity of stress
in the p-q-plane (Fig. 1) is described by the stress ra-
tio η = q/p. The inclinations of the critical state line
(CSL, from monotonic tests) and the failure line in the
p-q-plane (Fig. 1) are Mc = (6 sin ϕ)/(3 − sin ϕ) for
compression and Me = −(6 sin ϕ)/(3 + sin ϕ) for ex-
tension with the critical friction angle ϕ = ϕc for the
CSL and the peak friction angle ϕ = ϕp for the maxi-
mum shear strength.

Figure 1 shows a typical stress path of a cyclic tri-
axial test in the p-q-plane. An average stress σ

av is su-
perposed by a cyclic portion. An oscillation of the axial
stress σ1(t) and the lateral stress σ3(t) without a time
shift results in in-phase stress cycles with a certain in-
clination tan α = qampl/pampl in the p-q-plane (Fig. 1).
For the special case σ3 = const. (tan α = 3) the am-
plitude ratio ζ = qampl/pav is used. If σ1(t) and σ3(t)
are applied with a time shift more complex stress paths
(e.g. ellipses in the p-q-plane, out-of-phase-cycles) can
be tested.

The axial strain is denoted by ε1 and the lateral one
by ε2 = ε3. The strain invariants (εv = volumetric
strain, εq = deviatoric strain) are

εv = ε1 + 2 ε3 (5)

εq =
2

3
(ε1 − ε3) (6)
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Figure 1: Cyclic stress path in the p-q-plane

Their rates are work-conjugated to the Roscoe invari-
ants p and q. The axial strain is calculated from ε1 =
ln(h0/h) and the volumetric one from εv = ln(V0/V )
with the initial height h0 of the sample, the actual
height h, the initial volume V0 and the actual volume
V . The isomorphic strain invariants are εP = 1/

√
3 εv

and εQ =
√

3/2 εq . The total strain is

ε =
√

(ε1)2 + 2(ε3)2 =
√

(εP )2 + (εQ)2 (7)

In the case of cyclic loading the strain ε is composed of
an accumulated (residual) portion (εacc) and an elastic
(resilient) portion (εampl) as shown in Fig. 2. The ratios

Ω =
ε̇acc

v

ε̇acc
q

and ω =
εacc

v

εacc
q

(8)

are used as scalar measures of the flow rule m .
The density is described by the index ID = (emax −
e)/(emax − emin) with void ratio e. The initial value
after consolidation prior to cyclic loading is denoted by
ID0.

�

� irreg

2 � ampl

� acc

tirregular cycles

regular cycles

Figure 2: Development of strain in a cyclic triaxial test
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Figure 3: Contractive or dilative soil behaviour under cyclic loading in dependence on qav after Luong [9]: a)
q-ε1-loops, b) q-εv-loops
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Figure 4: Studies on the direction of strain accumulation after Chang & Whitman [2]: a) residual volumetric strains
εacc

v after 100 cycles as a function of the average stress ratio ηav, b) measured directions of strain accumulation in
the p-q-plane compared to the flow rule of the modified Cam clay model

3 Literature survey

There are few studies on the direction of strain accu-
mulation under cyclic loading and those publications
mostly deal with a low number of cycles. In a drained
cyclic triaxial test Luong [9] applied packages of 20 cy-
cles each at different average deviatoric stresses qav.
The right part of Fig. 3 shows the measured q-εv-loops.
For low values of qav the material behaviour was con-
tractive while it was dilative at larger qav. Luong de-
fined a so-called ”characteristic threshold (CT) line”
in the p-q-plane separating the contractive (σav below

CT line) from the dilative (σav above CT line) material
behaviour. This (border)line was found independent of
the soil density.

Another important observation on the direction of
strain accumulation was made by Chang & Whitman
[2]. In a series of cyclic triaxial tests on medium coarse
to coarse sand the average mean pressure pav was con-
stant while the stress ratio ηav was varied from test to
test. Four tests were performed on loose and four other
ones on dense specimens. In Fig. 4a the residual vol-
umetric strain after 100 cycles is shown as a function
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of ηav. Independently of the sand density, ε̇acc
v = 0

was observed for ηav ≈ Mc(ϕc). Thus, Chang & Whit-
man [2] assumed the CT-line of Luong [9] to be identical
with the critical state line (CSL). For ηav < Mc(ϕc) a
densification and for ηav > Mc(ϕc) a dilative material
behaviour was measured.

In other tests Chang & Whitman [2] observed that
the ratio γacc/εacc

v with γ = ε1 − ε3 = 3/2εq increased
with ηav. A good approximation of the measured di-
rection of strain accumulation by the flow rule of the
modified Cam clay model

ω =
Mc(ϕc)

2 − (ηav)2

2ηav
(9)

has been demonstrated for different sands (Fig. 4b).
No influence of the average mean pressure pav and the
amplitude ratio ζ = qampl/pav on ω could be detected.
Also the influence of the number of cycles was reported
negligible. However, the tests of Chang & Whitman [2]
were restricted to 1,050 cycles. It is therefore not clear
if the test results can be extrapolated to larger numbers
of cycles. Furthermore, only the case σ3 = constant was
tested.

The studies of Luong [9] and Chang & Whitman [2]
as well as our own experiments presented within this
paper are restricted to relatively small amplitudes. For
large stress amplitudes with qmin ≈ 0 and qmax ≈
Mc(ϕp), Suiker et al. [19] reported a dilative behaviour
(during the first approx. 1,000 cycles) although the av-
erage stress (defined as qav = 1

2
(qmax +qmin)) lay below

the critical state line. In that case, the residual strain
and also the flow rule ε̇acc

v /ε̇acc
q depends on the time the

stress path is resting on the failure line.

4 Test device, testing procedure
and tested materials

A scheme of the used triaxial cell is given in Fig. 5.
A detailed description of this test device (four of them
were available in the present study) can be found in [23].
Specimens (diameter d = 10 cm, height h = 20 cm)
were prepared by dry pluviation out of a funnel through
air into split moulds. Afterwards the specimens were
saturated with de-aired water. A back pressure of 200
kPa was used in all tests. The procedure of specimen
preparation is explained more detailed in [23]. In order
to minimize friction the end plates were lubricated and
a thin latex membrane was applied. In the analysis of
the tests the deformation of this membrane (bedding
error) was carefully subtracted from the deformation
of the soil skeleton.
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Figure 5: Scheme of triaxial cell
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Figure 6: Tested grain size distributions

The axial load was applied by a pneumatic load-
ing system and was measured inside the pressure cell
(Fig. 5). The axial deformation of the specimen was
measured by means of a displacement transducer which
was attached to the load piston. The volume changes
were determined via the pore water. For this purpose
a differential pressure transducer was employed. Also
the cell pressure and the back pressure were measured.
During cyclic loading the signals of all transducers were
recorded by means of a data acquisition system. In
order to reduce the amount of data five complete cy-
cles were sampled in certain intervals. The distance
between these recordings was increased logarithmically
with the number of cycles N .

Specimens were consolidated for one hour under the
average effective stress σ

av. After that resting period
σ1 and σ3 were cyclically varied. Since usually large
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deformations occur during the first, so-called irregular

cycle (see Fig. 2) in order to prevent an unintentional
pore-pressure build-up, a low frequency of fB = 0.01
Hz was used during this cycle. Afterwards usually 105

cycles were applied with a loading frequency fB = 1
Hz.

The tests were performed on a quartz sand with sub-
angular grain shape. The four tested grain size distri-
bution curves are presented in Fig. 6. Most of the tests
were performed on the medium to coarse sand No. 1.

5 Test results

5.1 Influence of the average stress

Numerous tests were performed with in-phase stress
cycles (σ3 = constant) at different average stresses σ

av.
The average mean pressure (50 kPa ≤ pav ≤ 300 kPa)
and the average stress ratio −0.88 ≤ ηav ≤ 1.375 were
varied from test to test. The tested average stresses
cover the cases of triaxial compression (ηav > 0) as
well as triaxial extension (ηav < 0). In Fig. 7 they
are illustrated in the p-q-plane. The specimens were
prepared with similar initial densities (0.57 ≤ ID0 ≤
0.69). In the tests with ηav > 0 amplitude ratios ζ =
qampl/pav = 0.3 were tested. In the tests with triaxial
extension a smaller ratio ζ = 0.2 was chosen due to
the smaller distance of σ

av to the yield surface. For
this reason, in the tests with ηav = -0,75 and ηav =
-0,88 even amplitude ratios of ζ = 0.1 and ζ = 0.05,
respectively, were applied.

First the tests with pav = 200 kPa are considered. In
Fig. 8 for selected average stress ratios ηav, the resid-
ual deviatoric strain εacc

q in the regular cycles is plot-
ted versus the accumulated volumetric strain εacc

v . The
data points correspond to the numbers of cycles N =
2, 5, 10, 20, 50, 100, ......, 105. From Fig. 8 it is ap-
parent that the direction of strain accumulation sig-
nificantly depends on the average stress ratio ηav. At
an isotropic average stress (ηav = 0) a pure volumet-
ric accumulation (densification) takes place while the
rate of deviatoric strain vanishes (ε̇acc

q = 0). With
increasing absolute value of the average stress ratio
|ηav| = |qav/pav| the deviatoric component of the di-
rection of strain accumulation increases in comparison
to the volumetric portion. At an average stress on the
(monotonic) critical state line (ηav = Mc(ϕc) = 1.25
or ηav = Me(ϕc) = −0.88, respectively) only the devi-
atoric strain accumulates and a vanishing rate of vol-
umetric strain (ε̇acc

v = 0) could be observed (at least
during the first cycles). The latter remains valid de-
spite the material is not at the critical density. For
Me(ϕc) ≤ ηav ≤ Mc(ϕc) a densification of the sand and
within the overcritical regime a dilative behaviour was
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Figure 7: Tested average stresses
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observed (see e.g. the test with ηav = 1.375). The mea-
sured dependence m(ηav) agrees well with the results of
the experiments of Luong [9] and Chang & Whitman [2]
(Section 3).

A slight increase of the compactive portion of the
direction of strain accumulation with the number of
cycles could be detected. This is depicted e.g. in
Fig. 8 for the test with ηav = Mc(ϕc) = 1.25, which
shows an increasing deflection of the strain path from
the vertical. Similar results were obtained by Suiker
et al. (2005), who measured an initial dilative and
adjacent compactive behaviour for stress cycles with
ηmin ≈ 0 and ηmax ≈ Mc(ϕp). In our tests, the same
results were obtained on dry specimens (determination
of lateral strains from local measurements with non-
contact displacement transducers) and on the saturated
ones (measurement of volume changes via the pore wa-
ter). Thus, it is unlikely that this effect is caused
by measurement technique errors. Moreover, this ten-
dency seems to be independent of the loading frequency

(Section 5.5), i.e. the duration of the test. An increase
of the water level in the measurement pipe, i.e. an in-
crease of the squeezed-out water volume (see Fig. 5),
due to a densification of the specimen leads to a slight
increase of the back pressure in the specimen and thus
to a reduction of the axial and lateral effective stresses,
i.e. a reduction of pav at qav = constant. However, this
increase of the stress ratio ηav should cause an oppo-
site rotation of m (decrease of ω with N). Anyway, in
the test with ηav = Mc(ϕc) = 1.25 the accumulation of
volumetric deformation is small and the water level in
the measurement pipe rarely changes its height.

The performed tests foster the observations by
Chang & Whitman [2] that for a given ηav, the average
mean pressure pav does (at least in the tested range 50
kPa ≤ pav ≤ 300 kPa) hardly influence the direction of
strain accumulation. This is demonstrated in Fig. 9a
for the tests with ηav = 0.75 (triaxial compression) and
in Fig. 9b for ηav = -0.5 (triaxial extension). The strain
paths in the εacc

q -εacc
v -diagram coincide approximately
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Figure 12: Direction of strain accumulation in dependence on the stress ratio ηav for pav = 200 kPa and triaxial
extension: a) strain ratio ω = εacc

v /εacc
q , b) reciprocal value 1/ω, c) strain ratio Ω = ε̇acc

v /ε̇acc
q , d) reciprocal value

1/Ω

for different average mean pressures pav. From Fig. 9
it can be concluded that the increase of ε̇acc

v /ε̇acc
q dur-

ing cyclic loading is correlated with the residual strain
εacc (due to previous cycles) rather than with N . Al-
though all tests have been carried out up to N = 105,
the smaller pressures pav lead to a larger strain accu-
mulation and hence to a larger compactive portion of
m at equal N .

Figure 10 summarizes the measured directions of
strain accumulation for all tested average stresses σ

av

and depicts them as unit vectors in the p-q-plane. The
origin of each vector lies in (pav,qav) of the respective
test. Figure 10a was generated using the strains ac-
cumulated up to a certain number of cycles N . Thus,
the inclination of the vectors to the p-axis is 1/ω =
εacc

q /εacc
v . In Fig. 10b the directions of strain accumu-

lation were calculated from the rates, i.e. the vectors
are inclined by 1/Ω = ε̇acc

q /ε̇acc
v . The vectors in Fig. 10

are shown for different numbers of cycles. This is indi-
cated by the different grayscales. The rotation of the
vectors towards the positive p- or εacc

v -axis with increas-

ing number of cycles is of course more pronounced if
shown with rates (Fig. 10b) than with the total strains
(Fig. 10a).

Chang & Whitman [2] reported, that the flow rule of
the modified Cam clay model, i.e. a model for mono-
tonic loading, approximates well also the direction of
strain accumulation under cyclic loading (Fig. 4b). Fig-
ure 11a shows the ratio ω = εacc

v /εacc
q as a function of

ηav for the tests with pav = 200 kPa and ηav > 0 (triax-
ial compression). For small stress ratios ηav one cannot
precisely estimate ω from this diagram and therefore
Fig. 11b contains a corresponding illustration of the
reciprocal value 1/ω. Figure 11c and 11d present di-
agrams for the ratio of the rates Ω = ε̇acc

v /ε̇acc
q or its

reciprocal value 1/Ω, respectively. The scatter is larger
in the rate diagrams. Beside the measured directions of
strain accumulation, also the flow rules of the modified
Cam clay model (Eq. (9)) and the hypoplastic model
(see e.g. Eq. (4.73) in [13]) are drawn into Fig. 11. Both
flow rules (for monotonic loading) approximate well the
direction of strain accumulation under cyclic loading.
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Analogously to Fig. 11, Fig. 12 contains diagrams
for triaxial extension (ηav < 0) at pav = 200 kPa. Also
for triaxial extension the modified Cam clay model and
the hypoplastic model deliver a good approximation of
the flow rule under cyclic loading.

5.2 Influence of the stress/strain loop
(span, shape, polarization)

First in-phase stress cycles (σ3 = constant) with pav

= 200 kPa and ηav = 0.75 (triaxial compression) are
analyzed. In the tests the stress amplitude 12 kPa
≤ qampl ≤ 80 kPa was varied. The illustration of the
εacc

q -εacc
v -strain paths in Fig. 13a demonstrates, that

the amplitude of the uniaxial cycles does hardly in-
fluence the cyclic flow rule. Similar tests at an average
stress pav = 200 kPa and ηav = -0.5 (triaxial extension,
Fig. 13b) confirmed, that the ratio of the volumetric
and the deviatoric accumulation rate does not signifi-
cantly vary with the stress or strain amplitude.

Also the influence of the polarization of the cycles,
i.e. their inclination in the stress or strain space, on
m was studied. At pav = 200 kPa and ηav = 0.5
in-phase stress cycles with six different inclinations
0◦ ≤ αPQ ≤ 90◦ in the P -Q-plane were tested. For
each polarization four or five stress amplitudes 20 kPa
≤

√

(P ampl)2 + (Qampl)2 ≤ 100 kPa were studied. Fig-
ure 14 presents the εacc

q -εacc
v -strain paths. Each dia-

gram contains the paths of the tests with a certain po-
larization αPQ. Although the data shows some scatter
for αPQ = 10◦ and 30◦, independently of the polariza-
tion αPQ, the dependence of the direction of strain ac-

cumulation on the amplitude
√

(P ampl)2 + (Qampl)2 of
the cycles is small. The six diagrams in Fig. 14 provide
an information about the mean value of the inclination
1/ω̄ of the strain paths in the εacc

q -εacc
v -plane. The val-

ues lie within 0.97 ≤ 1/ω̄ ≤ 1.27 (i.e. 31% scatter, but
the εacc-dependence of m has to be kept in mind). No
simple correlation of 1/ω̄ with αPQ is noticeable.

Also the influence of the shape of the stress or strain
cycles was tested. At pav = 200 kPa and ηav = 0.5
different elliptic stress paths in the P -Q-plane were
tested. Circular paths with different radii (Fig. 15a),
elliptic paths with Qampl = 80 kPa and different spans
in the direction parallel to the P -axis (Fig. 15b) as well
as elliptic paths with P ampl = 80 kPa and different
amplitudes along the direction parallel to the Q-axis
(Fig. 15c) were tested. The mean inclinations of the
strain path in the εacc

q -εacc
v -plane (mean values of each

testing series) lay within 1.15 ≤ 1/ω̄ ≤ 1.31, which
corresponds to a scatter of 14% (considering individ-
ual pairs of tests, this scatter might be even larger).
However, there seems to be no simple dependence of

a)
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Figure 13: εacc
q -εacc

v -strain paths for in-phase stress cy-
cles with different amplitudes, a) tests with ηav = 0.75
(triaxial compression), b) tests with ηav = −0.5 (triax-
ial extension)

the inclination 1/ω̄ of the εacc
q -εacc

v -strain paths on the
shape of the cycles.

We may thus conclude, that the influence of the size,
the polarization and the shape of the stress loop (or the
resulting strain loop) on m is not strong and may be
neglected for the first in an explicit model.

5.3 Changes in the amplitude and their
sequence

Figure 16 presents results of tests, in which four pack-
ages of cycles were applied in succession. Each pack-
age contained 2.5 · 104 cycles. At an average stress
with pav = 200 kPa and ηav = 0.75 the amplitudes
qampl = 20, 40, 60 and 80 kPa were tested. The se-
quence of the amplitudes was varied from test to test.
The strain paths in the εacc

q -εacc
v -plane are depicted in
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Figure 16: εacc
q -εacc

v -strain paths in tests with four packages of cycles (all tests: Nmax = 105, pav = 200 kPa, ηav =
0.75, fB = 0.25 Hz)

Fig. 16. Considering a residual volumetric strain of
εacc

v = 0.7%, the residual deviatoric strain lies within
the range 1.0% ≤ εacc

q ≤ 1.2%, i.e. the scatter is ap-
prox. 20%. A small increase of the ratio ε̇acc

q /ε̇acc
v was

measured at the beginning of a package if preceded by
packages with smaller amplitudes.

5.4 Influence of the void ratio / relative
density

Identical tests at different initial void ratios e0 show
similar flow directions. This is demonstrated by the
strain paths in Fig. 17. The smaller inclination 1/ω̄ in
Fig. 17 in comparison to Figs. 9a and 13a can be ex-
plained by the larger residual strains in the test with
ID0 = 0.24. For high initial densities (ID0 > 0.9) the
values of ω scatter significantly since the ratio is cal-
culated as the quotient of two relatively small strains.
However, no clear tendency could be detected.

5.5 Influence of the loading frequency

Tests with different loading frequencies 0.05 Hz ≤ fB ≤
2 Hz at identical stresses (pav = 200 kPa, ηav = 0.75,
qampl = 60 kPa) and with similar initial densities are
presented in Fig. 18. No significant influence of fB on
the cyclic flow rule could be found.

5.6 Influence of the number of cycles

The increase of the compactive portion of the direction
of strain accumulation with N was discussed already in
Section 5.1 for N = 105 load cycles. Figure 19 shows
the results of two extremely long tests each with 2 · 106

cycles. The compactive portion of m increases also for
N > 105.
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5.7 Influence of a static (monotonic)
preloading

Also the influence of a monotonic preloading on m was
tested. The specimens were loaded radially along the
p-axis or along a K0-line (with an inclination η = 0.75)
up to a certain preloading pressure 100, 200 or 300 kPa,
Fig. 20a. After five minutes the samples were unloaded
to pav = 100 kPa. Subsequently, 104 cycles with an
amplitude qampl = 50 kPa were applied at pav = 100
kPa and ηav = 0 or ηav = 0.75, respectively. The tests
with ppreload = 100 kPa correspond to a non-preloaded
specimen. Figure 20b makes clear, that the εacc

q -εacc
v -

strain paths of the three tests with the K0-preloading
nearly coincide. A similar conclusion can be drawn for
the isotropic preloading. Thus, a monotonic preloading
does hardly affect the direction of strain accumulation.

CSL
50 100 200 300

225

150

75

37.5

1

1.25

1


  = 0.75

(K0 = 0.5)

p [kPa]

q [kPa]

0 0.5 1.0 1.5 2.0
-1.0

-0.5

0

0.5

1.0

1.5

2.0

� acc [%]v

� ac
c  

[%
]

q

b)

a)

all tests:  

Nmax = 104, 

qampl = 50 kPa, 

ID0 = 0.56 - 0.66,

fB = 0.1 Hz

 100
 200
 300

 100
 200
 300

isotropic: K0:

pprestrain [kPa] =

Figure 20: εacc
q -εacc

v -strain paths for a cyclic loading
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v -strain paths for different grain size distributions (all tests: pav = 200 kPa, ηav = 0.75)

5.8 Influence of the grain size distribu-
tion curve

All preceding remarks on the cyclic flow rule referred to
sand with the grain size distribution curve No. 1 (d50 =
0.55 mm, U = 1.8, ϕc = 31.2◦) with respect to Fig. 6.
Additionally, the sands with the grain size distribution
curves No. 2 (d50 = 0.35 mm, U = 1.9, ϕc = 33.3◦),
No. 3 (d50 = 1.45 mm, U = 1.4, ϕc = 33.9◦) and No. 4
(d50 = 0.52 mm, U = 4.5, ϕc = 33.3◦) were tested.
In the tests the average stress (pav = 200 kPa, ηav =
0.75) was kept constant and the stress amplitude 12
kPa ≤ qampl ≤ 87 kPa was varied.

Figure 21 presents the εacc
q -εacc

v -strain paths for the
sands Nos. 1 to 4. The diagram 21b for sand No. 1
repeats Fig. 13a in order to facilitate comparison. De-
spite some scatter in the tests on sand No. 3, also for the
three sands tested additionally the cyclic flow rule does
hardly depend on the stress or strain amplitude. The
mean inclination of the strain paths in the εacc

q -εacc
v -

diagram of the medium coarse sand No. 2 (1/ω̄ = 1.41)

is slightly smaller than the one for the medium coarse
to coarse sand No. 1 (1/ω̄ = 1.44). For the coarse sand
No. 3, m is more deviatoric (1/ω̄ = 1.57), for the well-
graded soil No. 4 it is more compactive (1/ω̄ = 1.03).
However, these differences may be contributed to the
different accumulation rates and the resulting different
residual strains. The larger the residual strains are,
the smaller is the mean inclination 1/ω̄. This becomes
evident, if the εacc

q -εacc
v -strain paths of the four tested

sands are presented in a common diagram for εacc
v ≤ 2%

(Fig. 22). The difference in the strain paths in Fig. 22
is relatively small. Thus, it can be concluded that the
direction of strain accumulation does not significantly
depend on the grain size distribution curve.

6 Summary and conclusions

Numerous drained cyclic triaxial tests with many
(104 ≤ N ≤ 106) small (εampl ≤ 10−3) cycles demon-
strate a unique flow rule m for non-cohesive soils under
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four tested grain size distributions for εacc

v ≤ 2% in a
common diagram

cyclic loading. The observed flow rule depends mainly
on the average stress ratio ηav = qav/pav. A slight in-
crease of the compactive portion with the accumulated
strain εacc (due to the previous cycles) was measured.
For ηav = constant, the ratio ε̇acc

v /ε̇acc
q does hardly de-

pend on the average mean pressure pav. In the case of
in-phase cycles the influence of the amplitude is small.
The direction of the cycles in the stress or strain space
has some influence on ε̇acc

v /ε̇acc
q , but no simple depen-

dence could be found. For out-of-phase cycles (e.g. el-
liptic stress paths in the p-q-plane), the dependence
of ε̇acc

v /ε̇acc
q on the shape of the stress or strain loop

may be neglected in explicit models. Furthermore, the
cyclic flow rule is only slightly affected by the void ra-
tio, the loading frequency, the static preloading and
the grain size distribution curve. The flow rule under
cyclic loading can be well approximated by flow rules
for monotonic loading (e.g. by the flow rules of the
modified Cam clay model or the hypoplastic model).
The flow rule m should become a well established con-
cept in explicit modelling of accumulation due to small
cycles.
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as one of basic characteristics of granular soils.
In E. Flavigny and D. Cordary, editors, 4th Col-

loque Franco-Polonais de Mechanique des Sols Ap-

pliquee, volume 1, pages 103–115, 1987. Grenoble.

[17] A. Sawicki and W. Świdziński. Mechanics of a
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