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Validation and calibration of a high-cycle accumulation model

based on cyclic triaxial tests on eight sands

T. Wichtmanni); A. Niemunisii); Th. Triantafyllidisiii)

Abstract: The high-cycle accumulation (HCA) model proposed by Niemunis et al. [25] predicts permanent deformations
in non-cohesive soils due to many cycles (N > 103) with relatively small amplitudes (εampl < 10−3, so-called high- or
polycyclic loading). This paper demonstrates the applicability of the HCA model to different sands. For this purpose,
approximately 200 triaxial tests with 105 cycles each have been performed on eight different quartz sands with mean grain
sizes in the range 0.15 mm ≤ d50 ≤ 4.4 mm and coefficients of uniformity in the range 1.3 ≤ Uc ≤ 4.5. For each sand,
test series with a variation of stress amplitude, initial relative density, average mean pressure pav and average stress ratio
ηav = qav/pav have been conducted. The influence of the grain size distribution curve on the rate of strain accumulation
is discussed. A comparison of the measured data with predictions made by the HCA model (with different material
constants) is given. Correlations of the material constants with index or granulometric properties are discussed. The
correlations may be useful for a simplified procedure to determine a set of material constants.

Keywords: sand, high-cyclic loading, accumulation of strain, high-cycle accumulation model, cyclic triaxial tests, grain
size distribution curve

1 Introduction
The present paper deals with the accumulation of residual
strain in non-cohesive soils subjected to a drained cyclic
loading with many cycles (N > 103) and relatively small
strain amplitudes (εampl < 10−3). Such loading is called
”high-cyclic” or ”poly-cyclic”. It is of importance in many
practical cases where the serviceability of a foundation is
the main concern (e.g. on-shore or off-shore wind power
plants, railways, watergates, tanks, machine foundations).
Some structures are extremely sensitive to differential set-
tlements, which must be kept within an extremely small
range in order to ensure the operational requirements. In
this case an accurate prediction of the residual deforma-
tions is required for several decades of operation.

For predictions of the accumulation of settlements due to
a high-cyclic loading by means of the finite element (FE)
method two different numerical strategies are combined.
They are termed the implicit (conventional, low-cycle) and
the explicit (N-type, high-cycle) mode of calculation. Time
integration schemes (Euler forward / backward) are not
meant here.

A conventional pure implicit calculation (Fig. 1a) with
a σ̇-ε̇ constitutive model (e.g. elastoplastic multi-surface
models [4, 5, 22], endochronic models [38] or hypoplastic
models with intergranular strain [24, 39]) is suitable only
for small numbers of cycles (N < 50). For large N -values
the numerical error becomes excessive in such calculations
(Niemunis et al. [25]).

For a high-cyclic loading another strategy of calculation
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is necessary. It is illustrated in Fig. 1b for the case of a
shallow foundation under cyclic loading. Only a few cy-
cles are calculated implicitly with small increments σ̇(ε̇)∆t
using a σ̇-ε̇ constitutive model. Larger packages of cycles
between are treated explicitly. The explicit mode requires a
special constitutive formulation (so-called high-cycle accu-
mulation (HCA) model) which takes packages of cycles ∆N
as input. The accumulation of residual strain ε̇

acc∆N due
to a package of ∆N cycles of a given strain amplitude εampl

is treated similarly as a creep deformation due to time in-
crements ∆t in viscoplastic models. The number of cycles
N just replaces the time t. Without tracing the oscillating
strain path during the individual cycles, the explicit mode
calculates directly the accumulation rate ε̇

acc which enters
the constitutive equation (1).

The implicit parts of the calculation are necessary in or-
der to determine the spatial field of the strain amplitude
εampl. The strain amplitude is an important input parame-
ter for the HCA model (Section 2). The first cycle is irregu-
lar since the deformations in the first cycle can significantly
differ from those in the subsequent cycles. Therefore the
second cycle is used for the determination of εampl. The
strain amplitude is determined from the strain path ε(t)
recorded in each integration point during the second cy-
cle. The procedure described by Niemunis et al. [25] is ap-
plied. During the explicit parts of the calculation the strain
amplitude εampl is assumed constant. After several thou-
sand cycles the spatial field of the strain amplitude may
have changed due to a compaction and a re-distribution of
stress. The explicit calculation should be therefore inter-
rupted after definite numbers of cycles and εampl should
be recalculated using the implicit mode (so-called control
cycles, Fig. 1b).

For the development of a HCA model drained cyclic tests
with a large number of cycles are necessary. The equa-
tions of the HCA model proposed by the authors (Niemu-
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Fig. 1: FE calculation of the settlements of a shallow founda-
tion under cyclic loading: a) Pure implicit versus b) combined
implicit and explicit calculation

nis et al. [25], Section 2) have been developed based on
numerous drained cyclic triaxial and cyclic multiaxial di-
rect simple shear tests on a medium coarse to coarse uni-
form sand (No. 3 in Fig. 2). A detailed description of the
test results can be consulted in [40–43]. These drained
tests with a large number of cycles were necessary since
most of the cyclic tests on sands documented in the litera-
ture have been performed under undrained conditions with
focuss to the problem of liquefaction (e.g. Ishihara [13],
Towhata [35]). Some studies (e.g. Silver & Seed [32],
Youd [48], Tsukamoto et al. [36], Duku et al. [8]) with
drained cyclic tests were dedicated to the residual deforma-
tions of partly saturated sand subjected to ground shaking
during earthquakes. However, due to the limited number of
cycles in these studies (e.g. N = 15 in [8]) the data cannot
be used for the development of a HCA model. A survey of
the literature discussing the influence of several parameters
on the rate of strain accumulation in the drained case or the
rate of pore water pressure in the undrained case has been
given in [40, 41]. Deficits (lack of generality, missing in-
fluencing parameters, 1D formulation) of older HCA mod-
els proposed in the literature (e.g. Marr & Christian [19],
Diyaljee & Raymond [7], Bouckovalas et al. [2], Sawicki &

Świdziński [28, 29], Kaggwa et al. [14], Gotschol [10]) have
been discussed in [40]. The HCA model more recently pro-
posed by Abdelkrim et al. [1] for ballast materials needs an
experimental validation based on cyclic laboratory tests.

The present paper discusses the results of 200 drained
cyclic triaxial tests on eight quartz sands with different
grain size distribution curves. The tests have been per-
formed due to the following reasons. First, the suitabilitiy
of the equations of the HCA model for various kinds of
sands and gravels should be examined. Second, a corre-
lation of the material constants of the HCA model with
granulometric properties (mean grain size d50, coefficient
of uniformity Uc = d60/d10) or index quantities (e.g. mini-
mum void ratio emin) should be investigated. The aim was

to develop a simplified procedure for an estimation of a set
of material constants. Furthermore, the test results offer
the possibility to work out the influence of the grain size
distribution curve on the accumulation of permanent strain
due to a high-cyclic loading.

2 High-cycle accumulation model
The basic assumption of the HCA model proposed by
Niemunis et al. [25] is that the strain path and the stress
path that result from a cyclic loading can be decomposed
into an oscillating part and a trend. The oscillating part
is described by the strain amplitude. The HCA model
predicts the trend (accumulation) of strain ε̇

acc only. De-
pending on the boundary conditions, the trend of stress
(pseudo-relaxation) or of strain (pseudo-creep) can be ob-
served. They are interrelated by

σ̇ = E : (ε̇ − ε̇
acc − ε̇

pl) (1)

with the stress rate σ̇ of the effective stress σ (compression
positive), the strain rate ε̇ (compression positive), the given

accumulation rate ε̇
acc, a plastic strain rate ε̇

pl (for stress
paths touching the yield surface, see Niemunis et al. [25])
and the barotropic elastic stiffness E. In the context of
HCA models ”rate” means a derivative with respect to the
number of cycles N (instead of time t), i.e. ṫ = ∂ t /∂N .
For ε̇

acc in Eq. (1) the following expression is used:

ε̇
acc = ε̇acc m (2)

with the flow rule m = ε̇
acc/‖ε̇acc‖ = (ε̇acc)→ (unit tensor)

and the flow intensity ε̇acc = ‖ε̇acc‖. The superposed ar-
row denotes Euclidean normalization. The flow rule of the
modified Cam clay (MCC) model is used for m:

m =

[
1

3

(

p −
q2

M2p

)

1 +
3

M2
σ

∗

]→

(3)

Although it significantly overestimates the Jaky’s formula
K0 = 1 − sinϕ for monotonic 1D compression, it approxi-
mates well the ratios ε̇acc

v /ε̇acc
q measured in drained cyclic

triaxial tests with ε̇v = ε̇1 + 2ε̇3 and ε̇q = 2/3(ε̇1 − ε̇3)
being the rates of volumetric or deviatoric strain, respec-
tively. The superposed star t∗ denotes the deviatoric part
of t and p,q are Roscoe’s invariants. For the triaxial case
p = (σ1 + 2σ3)/3 and q = σ1 − σ3 holds. For triaxial ex-
tension (η = q/p < 0) a small modification M = F Mc is
used with

F =







1 + Me/3 for η ≤ Me

1 + η/3 for Me < η < 0
1 for η ≥ 0

(4)

wherein

Mc =
6 sinϕc

3 − sin ϕc

and Me = −
6 sinϕc

3 + sin ϕc

. (5)

ϕc is the critical friction angle.
The intensity of strain accumulation ε̇acc in Eq. (2) is

calculated as a product of six functions:

ε̇acc = fampl ḟN fe fp fY fπ (6)

Each function (see Table 1) considers the influence of a
different parameter.
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Influencing parameter Function Material constants Reference quantities

Strain amplitude fampl = min







(

εampl

εampl
ref

)2

; 100






εampl
ref = 10−4

Cyclic preloading ḟN = ḟA
N + ḟB

N CN1, CN2, CN3

ḟA
N = CN1CN2 exp

[

−
gA

CN1fampl

]

ḟB
N = CN1CN3

Average mean pressure fp = exp

[

−Cp

(
pav

pref

− 1

)]

Cp pref = patm = 100 kPa

Average stress ratio fY = exp
(
CY Ȳ av

)
CY

Void ratio fe =
(Ce − e)2

1 + e

1 + eref

(Ce − eref)2
Ce eref = emax

Table 1: Summary of the functions, material constants and reference quantities of the HCA model

The function fampl describes the proportionality between
ε̇acc and the square of the strain amplitude (εampl)2. It is
valid up to strain amplitudes εampl ≈ 10−3. For larger
strain amplitudes, the accumulation rate was observed to
be almost independent of εampl [40]. Therefore fampl =
100 is specified as an upper boundary in Table 1. The
HCA model is primarily devoted to small strain amplitudes
εampl < 10−3.

The model incorporates a tensorial definition of the am-
plitude for multidimensional strain loops [25]. The impor-
tance of multidimensionality has been demonstrated by test
results of Pyke et al. [27] or Wichtmann et al. [42]. The
present paper discusses only uniaxial cycles. In that case
the novel amplitude definition is equal to the conventional
one (i.e. tampl = 1

2
(tmax − tmin).

The increase of ε̇acc with decreasing average mean pres-
sure pav at ηav = constant and with increasing average
stress ratio ηav = qav/pav at pav = constant is captured
by the functions fp and fY , respectively. In the function
fY the stress ratio is described by Ȳ av instead of ηav, using
the function Y of Matsuoka & Nakai [20]:

Ȳ =
Y − 9

Yc − 9
with Yc =

9 − sin2 ϕc

1 − sin2 ϕc

(7)

Y = −
I1I2

I3

=
27(3 + η)

(3 + 2η)(3 − η)
(8)

The Ii in Equation (8) are the basic invariants of the effec-
tive stress σ.

The function fe in Eq. (6) describes the increase of the
rate ε̇acc with increasing void ratio e. In the cyclic triaxial
tests the curves εacc(N) of the residual strain versus the
number of cycles were found to run proportional to the
function fN :

fN = CN1 [ln(1 + CN2N) + CN3N ] . (9)

It consists of a logarithmic and a linear portion. The deriva-
tive with respect to N is

ḟN =
CN1CN2

1 + CN2N
︸ ︷︷ ︸

ḟA

N

+ CN1CN3
︸ ︷︷ ︸

ḟB

N

(10)

It can be splitted into a N -dependent portion ḟA
N and a con-

stant portion ḟB
N . However, the number of cycles N alone is

not a suitable state variable for the quantification of cyclic
preloading (historiotropy) since it contains no information
about the intensity of the cycles in the past. For that rea-
son, the preloading (historiotropic) variable gA was intro-
duced into the HCA model. It counts the cycles weighting
them with their amplitude

gA =

∫

fampl ḟ A
N dN (11)

Only the N -dependent portion of ḟN is considered for gA.
The function ḟA

N was re-formulated using gA instead of N
(Table 1). The HCA model with gA is able to predict cor-
rectly the accumulation of strain due to packages of cycles
with different amplitudes applied in different sequences (see
e.g. tests of Kaggwa et al. [14], Wichtmann [40]). The
model approximately obeys Miner’s rule [21] known from
fatigue mechanics of metals, that means the sequence of
the packages of cycles is of no importance, which is in good
accordance with the experiments presented in [40].

The factor fπ considers that a change of the polarization
of the cycles, that means a change of the direction of the
cyclic loading, leads to an increase of the rate of accumu-
lation. The corresponding experiments are given in [40,42]
(see also Yamada & Ishihara [45]). A detailed description
of fπ can be found in [25]. Due to the constant polarization
of the cycles fπ = 1 holds for the triaxial tests presented
herein.

Numerous experimental studies with drained or
undrained cyclic tests on clean sands could not find an in-
fluence of the loading frequency on the accumulation of
residual strain or of pore water pressure, respectively. The
drained cyclic tests of Youd [48], Shenton [30] and Duku et
al. [8] were performed with frequencies in the range 0.1 Hz
≤ f ≤ 30 Hz while the studies of Yoshimi & Oh-oka [47],
Yasuda & Soga [46] and Tatsuoka et al. [34] with undrained
cyclic tests covered the range from 0.05 Hz to 12 Hz. A
negligible influence of the loading frequency was reported.
The frequency-independence has also been confirmed by
our drained cyclic tests with 0.05 ≤ f ≤ 2 Hz [41] wherein
dynamic effects are negligible. Therefore, the HCA model
needs not to consider the loading frequency as an influenc-
ing parameter.

The multiplicative approach for ε̇acc in Eq. (6) was cho-
sen heuristically and then to some extent confirmed exper-
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imentally (Wichtmann [40], Wichtmann et al. [41,43]). For
example, fampl was found valid for two different average
stresses, one with triaxial compression (pav = 200 kPa, ηav

= 0.75) and the other one with triaxial extension (pav =
200 kPa, ηav = -0.5). The function fY was confirmed for
different average mean pressures 50 kPa ≤ pav ≤ 300 kPa
and the function fp was found valid for different average
stress ratios −0.5 ≤ ηav ≤ 1.313, although the constants
Cp and CY may slightly vary.

Some subtle deficiencies of the HCA model have been
discussed by Niemunis et al. [26].

The HCA model has been implemented as a user’s ma-
terial model (= fortran routine UMAT) for the commercial
FE program ABAQUS. The purpose of UMAT is to update
the stress and all user-defined state variables and to return
the tangential stiffness. The UMAT has three modes of
operation:

1. Implicit mode: UMAT delegates the calculation to the
conventional ”implicit” UMAT treated as a subordi-
nated procedure. As the ”implicit” UMAT we use
a version of the hypoplastic constitutive model with
the so-called intergranular strain [24,39]. The implicit
mode is used to find the initial state equilibrium and to
perform irregular cycles (e.g. the first cycle). The nu-
merical implementation of hypoplasticity is discussed
in [23].

2. Recording mode: UMAT works in the implicit mode
(hypoplasticity) but additionally the strain path is
memorized. Only a few characteristic states need to
be recorded. For that purpose several filtering criteria
are used to economise on the computer memory. The
recording mode provides the input data for the calcu-
lation of the strain amplitude εampl. This mode is used
for the second cycle and for control cycles.

3. Pseudo-creep mode: UMAT calculates stress incre-
ments explicitly using Eq. (1). Before the first incre-
ment is executed in this mode, the amplitude εampl is
evaluated from the recorded strain path according to
the procedure described by Niemunis et al. [25]. The
FE program redistributes stress in the course of equi-
librium iteration and, depending on the boundary con-
ditions, the accumulation results in settlements or in
pseudo-relaxation.

The subroutine UMAT can recognize the modes of opera-
tion by the number of the step specified in the input file.
For more details on the implementation of the HCA model
it is referred to Niemunis et al. [25].

3 Test device, tested material and testing pro-
gram

Four cyclic triaxial devices of similar construction (Wicht-
mann et al. [40, 41]) were used for the present study. The
axial load was applied with pneumatic loading systems and
was measured inside the pressure cell below the specimen.
The cell pressure was kept constant in the tests of the
present study. For triaxial tests with a simultaneous vari-
ation of the axial and the lateral stress see Wichtmann et
al. [40, 42].

Cylindrical specimens (diameter d = 10 cm, height h =
20 cm) were prepared using the pluviation technique. Af-
ter flushing with CO2 they were saturated with de-aired

water. A back pressure of 200 kPa was used in all tests.
The quality of saturation was checked by a determination
of Skempton’s B-value. B > 0.98 was achieved in almost all
tests. Axial deformations were measured with a displace-
ment transducer attached to the load piston. The system
compliance was accounted for. It was determined in pre-
liminary tests on a steel dummy. The axial deformations
obtained in this manner were found (Rondon et al. [?]) to be
quite similar to the values measured locally on specimens
with a square cross section using LDTs (Goto et al. [9],
Hoque et al. [12]). Volume changes were determined via
the pore water using a pipette system and a differential
pressure transducer.

The grain size distribution curves of the eight sands are
given in Fig. 2. They were obtained from sieving of a nat-
ural quartz sand obtained from a sand pit near Dorsten,
Germany. The grain shape is sub-angular and the specific
weight is %s = 2.65 g/cm3. The mean grain sizes d50, the
coefficients of uniformity Uc = d60/d10, the curvature in-
dices U ′

c = d2
30/(d10d60) and the maximum and minimum

void ratios emax and emin (determined according to Ger-
man standard code DIN 18126) are summarized in Table
2. The sands or gravels Nos. 1 to 6 were rather uniform
(1.3 ≤ Uc ≤ 1.9) having mean grain sizes in the range 0.15
mm ≤ d50 ≤ 4.4 mm. The sands Nos. 7 and 8 were mixed
in order to test better graded grain size distribution curves.
The sands Nos. 3, 7 and 8 had similar mean grain sizes (0.52
mm ≤ d50 ≤ 0.55 mm) but different coefficients of unifor-
mity (1.8 ≤ Uc ≤ 4.5). The HCA model was originally
developed based on test results of the sand No. 3.
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Fig. 2: Grain size distribution curves of the eight tested sands
and gravels

For each sand four test series were performed. Through-
out the tests of each series a single parameter of the HCA
model (stress amplitude qampl, initial void ratio ei, average
mean pressure pav or average stress ratio ηav = qav/pav)
was varied while the remaining were kept constant. The
effective stress paths are shown schematically in the p-q-
plane in Fig. 3. For each stress path, a new specimen was
prepared (i.e. no multi-stage tests were performed). In the
first series of tests (Fig. 3a) the stress amplitude qampl was
varied between 10 and 90 kPa at pav = 200 kPa and ηav =
0.75 (i.e. σav

1 /σav
3 = 2). The second series of tests (Fig. 3b)
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Sand No. 1 2 3 4 5 6 7 8

d50[mm] 0.15 0.35 0.55 0.84 1.45 4.4 0.55 0.52
Uc = d60/d10 1.4 1.9 1.8 1.4 1.4 1.3 3.2 4.5

U ′

c = d2
30/(d10d60) 0.9 1.2 1.2 1.0 0.9 1.1 1.1 0.7
emax 0.992 0.930 0.874 0.878 0.886 0.851 0.811 0.691
emin 0.612 0.544 0.577 0.572 0.574 0.622 0.453 0.383
ϕc [◦] 32.0 32.7 31.2 32.9 33.2 37.2 33.1 34.2

Table 2: Mean grain sizes d50, coefficients of uniformity Uc = d60/d10, curvature indices U ′

c = d2
30/(d10d60), void ratios in loosest

(emax) and densest (emin) condition and critical friction angles ϕc of the eight tested sands
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Fig. 3: Effective stress cycles in the four series of cyclic triaxial
tests performed on each sand tests with a) different deviatoric

stress amplitudes qampl, b) different initial relative densities IDi,
c) different average mean pressures pav at a constant average
stress ratio ηav = qav/pav and d) different average stress ratios
ηav at a constant value of pav

in which the initial relative density

IDi =
emax − ei

emax − emin

= Dri

%d,max

%d

(12)

was varied was performed at the same σ
av and with the

same stress amplitude. In the third series (Fig. 3c) differ-
ent average mean pressures between 50 kPa and 300 kPa
were tested while the average stress ratio was ηav = 0.75.
The amplitude-pressure ratio ζ = qampl/pav was also kept
constant within the series. The fourth series of tests
(Fig. 3d) was performed with constant values of pav =
200 kPa and qampl but with different average stress ratios
0.25 ≤ ηav ≤ 1.3. The amplitude ratios ζ = qampl/pav

for the second, third and fourth test series were chosen be-
tween 0.15 and 0.4. It was lower for the sands showing
larger accumulation rates.

After the application of the average stress and a resting
period of 1 hour, the cyclic loading was commenced. The
first irregular cycle was applied with a low frequency f = 10
mHz. Subsequently, 100,000 regular cycles with a frequency
of 1 Hz were applied in all tests. A typical load pattern is
given in Fig. 4. It shows the axial effective stress σ1(t) and
the resulting axial strain ε1(t) during the first nine regular
cycles of a test with f = 1 Hz and with a stress amplitude
qampl = 60 kPa. The data were recorded during the first

25 cycles and during five cycles at N = 50, 100, 200, 500,
. . . , 5 · 104 and 105.

Some sands (Nos. 2,3,5,8) were tested more extensively
than the others (Nos. 1,4,6,7). The number of tests on the
former ones was higher.
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Fig. 4: Typical initial phase of a test: Axial effective stress σ1

and axial strain ε1 as a function of time t during the first nine
regular cycles, test on sand No. 1 with f = 1 Hz, pav = 200 kPa,

ηav = 0.75 and qampl = 60 kPa

4 Test results
The HCA model does not describe the accumulation due to
the irregular first cycle. Therefore, the data of this cycle is
excluded from the diagrams presented in this paper. In the
following, N = 1 denotes the state after the first regular
cycle. The discussion of the test results concerns first the
direction of accumulation ε̇acc

q /ε̇acc
v (flow rule) and second

its intensity ε̇acc.

4.1 Direction of strain accumulation
Fig. 5 justifies using the flow rule in the HCA model as
a function of the average stress ratio ηav only. The accu-
mulated deviatoric strain εacc

q is plotted versus the accu-
mulated volumetric strain εacc

v . Four test series regarding
the influence of 1) amplitude, 2) relative density, 3) aver-
age mean pressure and 4) average stress ratio are shown for
different sands. For a certain influencing parameter the di-
agrams for all tested sands look similar and therefore only
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v -strain paths for different a) stress amplitudes qampl, b) initial relative densities IDi, c) average mean pressures pav

and d) average stress ratios ηav

the results for one sand (chosen more or less arbitrarily) are
presented in Fig. 5. As obvious from Fig. 5, the direction of
the εacc

q -εacc
v -strain paths is only marginally influenced by

the amplitude, the relative density and the average mean
pressure (Fig. 5a-c). The most important influencing pa-
rameter is the average stress ratio ηav = qav/pav (Fig. 5d).
With increasing value of ηav, the ratio ε̇acc

q /ε̇acc
v increases

and m becomes more deviatoric. As demonstrated in [43],
a pure volumetric accumulation (ε̇acc

q = 0) is observed at an
isotropic average stress (ηav = 0, not tested in the present
study). It is pure deviatoric (ε̇acc

v = 0) at a critical stress
ratio ηav ≈ Mc with Mc being the inclination determined
from monotonic tests. At ηav < Mc the cycles cause com-
paction while at ηav > Mc dilatancy occurs (test at ηav =
1.3 on sand No. 3).

A slight increase of the volumetric portion of m with
N was observed in almost all tests. It becomes clear from
Fig. 6 which shows the direction of strain accumulation as
a vector in the p-q-plane. The vectors start at the average
stress σ

av of a test and have an inclination of εacc
q /εacc

v to-
wards the horizontal. Different N -values are distinguished
by different grayscales. The rotation of the vectors to-
wards the positive p-axis with increasing number of cycles
is obvious. Similar findings were also reported by Suiker et
al. [33] for large stress cycles. Possible explanations of the
N -dependence are discussed in [40].

Fig. 7 shows the ratios εacc
v /εacc

q after 105 cycles as a func-
tion of ηav for the eight tested sands. The curves bound-

ing the shadowed area were calculated from the flow rule
ε̇acc

v /ε̇acc
q = (Mc − ηav)2/(2ηav) of the modified Cam clay

(MCC) model using the two extreme ϕc-values specified in
Table 2. The critical friction angles of the eight materi-
als were determined as the inclination of a pluviated cone.
Since most of the data points in Fig. 7 fall within the shad-
owed area, a quite good approximation of the direction of
accumulation by the MCC flow rule can be attested. There-
fore, it is legitimate to use this flow rule in a HCA model
(disregarding the small N -dependence).

The test results are in good accordance with earlier
works of Luong [18] and Chang & Whitman [6] who also
tested small stress cycles (but with a much lower maxi-
mum numbers of cycles). For large stress amplitudes with
qmin ≈ 0 and qmax approaching the failure line, as some-
times tested in pavement engineering (Suiker et al. [33]),
the flow rule ε̇acc

v /ε̇acc
q depends on the strain accumulated

while the stress path is resting on the failure line (within a
single cycle). Niemunis et al. [25] discussed how to handle
this special case in a HCA model.

4.2 Intensity of strain accumulation
4.2.1 Strain amplitude

The accumulation curves εacc(N) (with ε =
√

(ε1)2 + 2(ε3)2) for different stress amplitudes qampl

are given in Fig. 8. The shape of these curves is discussed
in Section 4.2.5. As already reported (e.g. Youd [48],

6



Wichtmann et al. Soils & Foundations (Vol. 49, No. 5, 2009, pp. 711-728)

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]

Mean pressure p [kPa]

 N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.38

1
ηav = 0.75

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]

Mean pressure p [kPa]

 N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.34

1

ηav = 0.75

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]

Mean pressure p [kPa]

 N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.51

1

ηav = 0.75

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]  N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.31

1
ηav = 0.75

Mean pressure p [kPa]

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]

 N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.33

1
ηav = 0.75

Mean pressure p [kPa]

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

 N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.25

ηav = 0.75
1

Mean pressure p [kPa]

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]

Mean pressure p [kPa]

 N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.31

1
ηav = 0.75

0 50 100 150 200 250 300 350
0

50

100

150

200

250

300

350

D
e
v
ia

to
ri

c
 s

tr
e

s
s
 q

 [
k
P

a
]

Mean pressure p [kPa]

 N = 20

 N = 100

 N = 1.000

 N = 10.000

 N = 100.000

1

Mc(ϕc) = 1.29

ηav = 0.75
1

Sand 1 Sand 2 Sand 3

Sand 4 Sand 5 Sand 6

Sand 7 Sand 8

all tests:

ζ = 0.2, IDi = 0.50 - 0.54

all tests:

ζ = 0.4, IDi = 0.62 - 0.67

all tests:

ζ = 0.2, IDi = 0.59 - 0.63

all tests:

ζ = 0.4, IDi = 0.62 - 0.78

all tests:

ζ = 0.2, 

IDi = 0.45 - 0.51

all tests:

ζ = 0.4, 

IDi = 0.50 - 0.61

all tests:

ζ = 0.15, 

IDi = 0.55 - 0.62

all tests:

ζ = 0.3, 

IDi = 0.57 - 0.69
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Silver & Seed [31, 32], Sawicki & Świdziński [28, 29], Marr
& Christian [19], Duku et al. [8]), the accumulation rate
ε̇acc increases with the stress amplitude. This is also

evident from Fig. 9 in which εacc caused by N = 105 cycles
is given as a function of the stress amplitude qampl. For
qampl = constant, the rate of strain accumulation tends to
decrease with increasing mean grain size d50. Furthermore,
Fig. 9 shows that εacc significantly increases with the
coefficient of uniformity Uc. A possible influence of the
slightly different initial relative densities is discussed in
the next section.

The HCA model is formulated with the strain amplitude
εampl as a driving parameter. In the stress-controlled tests
the strain amplitude εampl used to decrease during the first
100 cycles (at least for the larger stress amplitudes) and
remained almost constant for N > 100. This is shown
exemplarily for sand No. 3 in Fig. 10. Plotting the mean
value ε̄ampl over the 105 cycles as a function of the stress
amplitude qampl, almost linear curves are obtained [41].

The function fampl of the HCA model assumes propor-
tionality between ε̇acc and the square of the strain ampli-
tude (εampl)2. In order to verify this assumption, the dia-
grams in Fig. 11 were generated for the eight tested sands.
They show the residual strain εacc after different numbers
of cycles as a function of the square of the strain ampli-
tude (ε̄ampl)2. The bar over a symbol t denotes that a
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Fig. 8: Accumulation curves εacc(N) in the tests with different stress amplitudes qampl
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mean value over N is used, i.e. t̄ = (
∫
tdN)/N . On the

y-axis the residual strain was divided by the void ratio func-
tion f̄e (discussed in the next section) in order to consider
slightly different initial densities and different compaction
rates. The linear curves through the origin in Fig. 11 con-
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firm the function fampl. fampl is a proportionality factor
between the rate ε̇acc and (εampl)2. If observed at con-
stant values of εampl, pav, ηav, e and N , also the residual
strain εacc should be proportional to (εampl)2. In Fig. 11
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Fig. 12: Rates ε̇acc
≈ ∆εacc/∆N divided by fe as a function

of the square of the strain amplitude (εampl)2, data from tests

with different amplitudes on sand No. 3. εampl and fe are the
mean values of two adjacent data recordings.

such ”idealized” test conditions have been artificially cre-
ated by dividing εacc by f̄e. The rate can be calculated as
ε̇acc ≈ ∆εacc/∆N with ∆ denoting the differences in the
variables between two data recordings. Plots of ε̇acc versus
(εampl)2 for different N -values (Figure 12). also confirm
fampl.

The exponent a = 2 of the relationship ε̇acc ∼ (εampl)a

is in good accordance with the triaxial data of Marr &
Christian [19] (1.9 ≤ a ≤ 2.3). Sometimes lower values of
the exponent a are reported from simple shear tests (e.g.
a mean value a = 1.2 was obtained by Duku et al. [8]). It
may be attributed to the large strain amplitudes in these
tests.

4.2.2 Void ratio

Fig. 13 contains the accumulation curves εacc(N) of sand
No. 5 for different initial relative densities. As expected and
in accordance with earlier test results (Silver & Seed [31,32],
Youd [48], Hain [11], Marr & Christian [19], Duku et al. [8]),
the intensity of accumulation increases with decreasing ini-
tial relative density IDi. Similar results have been obtained
from the tests of the remaining seven sands.
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The residual strain as a function of N and ē is given in
Fig. 14. The strain amplitude εampl slightly increases with
increasing void ratio. In order to free the data from this
influence, the accumulated strain εacc has been divided by
the amplitude function f̄ampl. The bar over fampl denotes
that the function was calculated with a mean value ε̄ampl

of the strain amplitude. The hyperbolic function fe (Table
1) has been fitted to the data (curves in Fig. 14). The
constant Ce is equal to the void ratio for which ε̇acc = 0
holds. Mean values of Ce are summarized in Table 3. For
some of the sands, the function fe seems to underestimate
the accumulation rates at large densities. This needs a
further investigation in future.

In Fig. 15a the residual strain εacc after 105 cycles is plot-
ted versus the initial relative density IDi. Since the tests
on the eight sands were performed with different stress am-
plitudes qampl, the εacc-values have been normalized by the
amplitude function f̄ampl to ease the comparison. Compar-
ing the data for the uniform sands Nos. 1 to 6, Fig. 15a re-
veals that for IDi = constant the accumulation rate tends
to increase with decreasing mean grain size d50. Similar
results were reported regarding the rate of pore water pres-
sure accumulation in undrained cyclic tests (Lee & Fit-
ton [16], Castro & Poulos [3]). Therefore, the differences
of the εacc-values for sands Nos. 1 to 6 in Fig. 9 cannot be
explained with differences in the IDi-values.

Furthermore, Fig. 15a confirms that the residual strains
increase considerably with increasing coefficient of unifor-
mity Uc of the tested sand. This is in contrast to the results
of undrained cyclic tests performed on sands with different
Uc-values (Vaid et al. [37], Kokusho et al. [15]). In those
tests, no influence of Uc on the liquefaction resistance could
be found if the specimens were prepared with similar rel-
ative densities. However, it is obvious from Fig. 15a that
the Uc-independence for ID = constant seems not to ap-
ply to the accumulation of strain in drained cyclic tests.
In order to study if the different findings from undrained
tests are due to the smaller number of cycles, the diagram
in Fig. 15b for N = 20 was plotted. Only the data for the
sands Nos. 3, 7 and 8 with same values of d50 are given.
Although the Uc-dependence in this data is slightly weaker
than that observed for 105 (due to the different shape of
the curves εacc(N) for uniform and well-graded sands, Sec-
tion 4.2.5), the accumulation rates of the three sands still
differ significantly. The different results from undrained

tests may be attributed to the change of the average ef-
fective stress and the increase of the strain amplitude with
increasing number of cycles N .

4.2.3 Average mean pressure

The accumulation curves εacc(N) measured in the tests
with a variation of pav are given exemplarily for sand No. 8
in Fig. 16. In the tests with a constant amplitude-pressure
ratio ζ = qampl/pav, the residual strain was almost inde-
pendent of pav for most of the tested sands. However, due
to the stress-dependence of the secant stiffness, the strain
amplitudes increase with increasing pav at ζ = constant
(Fig. 17).
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Fig. 17: Strain amplitudes ε̄
ampl
1 , ε̄

ampl
v , ε̄

ampl
q , ε̄ampl and γ̄ampl

(mean values over 105 cycles, γ = ε1 − ε3) as a function of the
average mean pressure pav

The residual strain in Fig. 18 has been normalized by the
amplitude function f̄ampl and by the void ratio function
f̄e. It is plotted versus pav. From this diagram one can
conclude that for εampl = constant and e = constant the
intensity of accumulation decreases with increasing average
mean pressure for all sands. The exponentially decreasing
function fp (Table 1) has been fitted to the test data (curves
in Fig. 18). The parameter Cp turns out to increase with N
[41] which has not been implemented into the HCA model
for sake of simplicity. In Table 3 the mean values of Cp over
N = 105 cycles are presented. Furthermore, the function
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Constant Sand

1 2 3 4 5 6 7 8

Ce 0.57 0.55 0.54 0.56 0.54 0.38 0.44 0.36

eref 0.992 0.930 0.874 0.878 0.886 0.851 0.811 0.691

Cp 0.60 0.84 0.43 0.58 0.68 0.30 0.68 0.61

CY 1.8 2.7 2.0 2.8 2.8 3.0 2.2 3.1

CN1 0.00087 0.00077 0.00036 0.00027 0.00043 0.000048 0.0044 0.0083

CN2 0.22 0.27 0.43 0.38 0.32 1.27 0.029 0.0059

CN3 0.00004 7.4 · 10−6 0.00005 0.00004 7.0 · 10−7 0 0.00005 0.00007

Table 3: Constants of the HCA model for the eight tested sands
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fp seems to underestimate the accumulation rates at larger
pressures. A more detailed examination including larger
pressures will be undertaken in future.

In the simple shear tests done by Silver & Seed [31, 32],

Youd [48] and Sawicki & Świdziński [28, 29], no influence
of the vertical stress on the accumulation of residual strain
was observed, possibly due to the low number of cycles ap-
plied. Some materials (e.g. sand No. 3) used in the present
study show also only a marginal pav-dependence of ε̇acc for
low N -values. In contrast to the earlier studies, the more
recent simple shear study of Duku et al. [8] found a sig-
nificant decrease of the accumulation rate with increasing
vertical stress, which is in good accordance with the present
study. A micromechanical explanation has been provided
by Duku et al. [8].

4.2.4 Average stress ratio

The accumulation curves εacc(N) measured in tests with
different average stress ratios ηav are given in Fig. 19, ex-
emplarily for Sand No. 7. For a constant qampl the higher
the ηav-values, the higher are the rates of accumulation.
The strain amplitude εampl slightly decreases with increas-
ing stress anisotropy. In Fig. 20 the εacc-data for all sands
were normalized by f̄e and f̄ampl and plotted versus the av-
erage stress ratio Ȳ av. This illustration confirms that the
intensity of accumulation increases with increasing Ȳ av. A
fitting of the exponential function fY (Table 1) to the data
in Fig. 20 (curves) lead to the representative values of CY

given in Table 3.
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Fig. 19: Accumulation curves εacc(N) in tests with different
average stress ratios ηav

4.2.5 Number of cycles / cyclic preloading

The characteristic shape of the curves εacc(N) can be seen
in Figs. 8, 13, 16 and 19. For the uniform sands Nos. 1
to 6, the residual strain increases almost proportionally
to ln(N) up to N ≈ 104. It becomes overlogarithmic
for larger N -values. For the sands Nos. 7 and 8, having
higher Uc-values, the residual strain grows faster than ac-
cording to εacc ∼ ln N already from the beginning of the
test. Some researchers (e.g. Lentz & Baladi [17], Duku et
al. [8]) found accumulation curves obeying εacc(N) ∼ ln(N)
whereas other studies (e.g. Marr & Christian [19]) suggest
an increase of εacc faster than proportional to ln(N). The
results of the present study show, that these differences may

be due to the different grain size distribution curves of the
tested materials. In particular, the shape of the accumula-
tion curves εacc(N) depends on the coefficient of uniformity
Uc.

In Fig. 21 numerous curves εacc(N) from the four test
series have been normalized by the functions f̄ampl, f̄e, fp

and fY . Fitting of data in Fig. 21 with fN (see Eq. (9))
provides the constants CN1, CN2 and CN3 given in Table
3. For sand No. 4, the shape of the curves εacc(N) at large
stress ratios ηav > 1 differs from that at lower values of ηav.
Based on the present data this effect cannot be explained
or implemented into the HCA model yet. The respective
curves are shown in Fig. 21 but have been neglected in the
curve-fitting of fN .

Tests with larger numbers of cycles (N > 105) are being
performed at the moment in order to verify the applicability
of the function fN for larger N -s.

5 Prediction of the HCA model
Fig. 22 presents a comparison of the residual strain εacc

measured in the cyclic triaxial tests with values predicted
by the HCA model using the material constants summa-
rized in Table 3. For each test, data for N = 102, 103, 104

and 105 are provided. For most tests, the data points plot
close to the bisecting line. That means that the HCA model
predicts quite well the εacc-values measured in the cyclic tri-
axial tests. However, for some of the tests there are larger
deviations of the predicted from the measured values due
to the shortcomings of the individual functions discussed
above or due to the scatter of data shown in Fig. 21. Im-
provements to the prediction of the HCA model for theses
special cases seem feasible only at the cost of more compli-
cated fitting functions.

6 Correlation of material constants with granulo-
metric properties

The direct determination of the material constants of the
HCA model from cyclic tests is quite laborious. The pro-
cedure has been explained in more detail by Wichtmann et
al. [44]. At least nine cyclic triaxial tests are necessary and
sophisticated test devices are indispensable. In order to
develop a simplified procedure some correlations between
the material constants of the HCA model and the granulo-
metric properties d50 and Uc or with index properties (e.g.
minimum void ratio emin) have been investigated.

Fig. 23a presents Ce as a function of emin. The correla-
tion

Ce = 0.96 emin (13)

approximates well the data except for the fine gravel No. 6.
The independence of Cp and CY of d50 and Uc is shown
in Fig. 23b and 23c. Although linear functions could be
justified, the choice of constant values

Cp = 0.59 and CY = 2.6 (14)

is recommended at present due to the sparse data. The
empirical correlation of CN1, CN2 and CN3 with d50 and
Uc (Fig. 23d-f) may be expressed as follows:

CN1 = 0.0002 exp(−0.65 d50) exp(0.91 Uc) (15)

CN2 = 0.95 exp(0.33 d50) exp(−0.90 Uc) (16)

CN3 = 0.00003 exp(−0.69 d50) exp(0.26 Uc) (17)
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Fig. 20: Accumulated strain εacc divided by f̄ampl and f̄e versus average stress ratio Ȳ av, fitting of function fY

The data of CN3 show a significant scatter. CN3 dictates
the accumulation at large N -values and may be better de-
termined from tests with larger numbers of cycles N > 105.
Such tests are being performed at present.

A set of constants of the HCA model may be roughly
estimated from Eqs. (13) to (17). If cyclic triaxial devices
are available, a set of constants may be obtained with little
effort by estimating Ce, Cp and CY from Eqs. (13) to (14)
and by performing only one test in order to fit the constants
CN1 to CN3.

7 Summary, conclusions and outlook

The results of approx. 200 cyclic triaxial tests on eight
quartz sands with different grain size distribution curves
(0.15 mm ≤ d50 ≤ 4.4 mm, 1.3 ≤ Uc ≤ 4.5) have been
examined from the point of view of a high-cycle accumula-
tion (HCA) model. The stress amplitude qampl, the initial
relative density IDi, the average mean pressure pav and the
average stress ratio ηav = qav/pav have been varied in the
tests. The applicability of a HCA model developed based
on the results for a uniform medium coarse to coarse sand
to the other sands and gravels is investigated. The test
results confirmed the flow rule ε̇acc

q /ε̇acc
v observed in earlier

experiments and derived as the associated flow rule of the
modified Cam-clay (MCC) model. The proportionality be-
tween the intensity of accumulation ε̇acc and the square of
the strain amplitude (εampl)2 was confirmed for all sands.
Also the functions fe, fp, fY and fN of the HCA model
describing the dependence of the accumulation rate ε̇acc

on void ratio, average mean pressure, average stress ratio
and cyclic preloading were found useful for all of the eight
tested sands. It was demonstrated that the HCA model
with the material constants determined from the cyclic tri-
axial tests approximates quite well most of the accumula-
tion rates measured in the laboratory. Correlations of the
material constants of the HCA model with granulometric
properties (d50, Uc) or with index properties (emin) have
been formulated. A simplified procedure for the determi-
nation of a set of material constants using these correlations
has been proposed.

In future, the empirical functions (e.g. fp at large pres-
sures, fe at small void ratios) will be inspected to extend
their range of applicability. Long-term tests are indispens-
able for an evaluation of the function fN at larger numbers
of cycles N > 105.
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Fig. 21: Curves εacc(N)/(f̄ampl f̄efpfY ), fitting of function fN
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