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Strain accumulation in sand due to drained cyclic loading:
on the effect of monotonic and cyclic preloading (Miner’s rule)

T. Wichtmanni); A. Niemunisii); Th. Triantafyllidisiii)

Abstract:
An experimental validation of Miner’s rule for freshly pluviated sand is presented. Drained triaxial tests with four packages
of 25,000 cycles applied in different sequences have been performed. It is demonstrated that an effect of the sequence
of application on the ”cyclic flow rule” ε̇acc

q /ε̇acc
v and on the final value of the residual strain εacc can be neglected for

practical purposes. In contrast to the significant reduction in the rate of accumulation caused by a cyclic preloading, only
a slight decrease of the intensity of accumulation ε̇acc was measured after a drained monotonic preloading. The cyclic
flow rule remains unchanged by the monotonic preloading. These experimental findings are considered in the high-cycle
accumulation (HCA) model proposed by the authors. Re-calculations of the laboratory tests with the HCA model confirm
a good prediction. A change of ε̇acc

q /ε̇acc
v and ε̇acc due to changes of the average stress σ

av needs further investigations.

Keywords: sand, drained cyclic triaxial tests, accumulation of strain, monotonic preloading, cyclic preloading, Miner’s
rule, high-cycle accumulation model

1 Introduction

The high-cycle accumulation (HCA) model proposed by the
authors [8] predicts permanent settlements or excess pore
water pressures due to a high-cyclic loading, that means a
large number of cycles (N > 103) with small strain ampli-
tudes (εampl < 10−3). The basic constitutive equation of
the model reads

σ̇ = E : (ε̇ − ε̇
acc − ε̇

pl) (1)

with the rate σ̇ of the effective stress σ, the elastic stiff-
ness E, the strain rate ε̇, the prescribed strain accumulation
rate ε̇

acc and the plastic strain rate ε̇
pl. The superposed dot

means a derivative with respect to the number of cycles, i.e.
ṫ = ∂t/∂N . The strain accumulation rate is calculated as
the product ε̇

acc = ε̇acc m of the scalar intensity of strain
accumulation ε̇acc = ‖ε̇acc‖ and the tensorial direction of
strain accumulation m = ε̇

acc/‖ε̇acc‖ (unit tensor). In the
axisymmetric triaxial case the intensity of accumulation is
ε̇acc =

√

(ε̇acc
1 )2 + 2(ε̇acc

3 )2 with ε1 and ε2 = ε3 being the
axial and lateral strain components, respectively. The di-
rection of strain accumulation is fully described by the ratio
ε̇acc

q /ε̇acc
v with the deviatoric strain rate ε̇q = 2/3(ε̇1 − ε̇3)

and the volumetric strain rate ε̇v = ε̇1 + 2ε̇3.
The HCA model considers that the direction of strain

accumulation ε̇acc
q /ε̇acc

v depends only on the average stress
ratio ηav = qav/pav with p and q being Roscoe’s invariants.
In the triaxial case p = (σ1 + 2σ3)/3 and q = σ1 − σ3

hold with σ1 and σ2 = σ3 being the axial and lateral stress
components, respectively. The intensity of strain accumu-
lation ε̇acc is a function of strain amplitude, void ratio,
average stress and cyclic preloading. Results of numerous
drained cyclic triaxial and multiaxial direct simple shear
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tests [14–16] served as a basis for the HCA model. Details
of the model are discussed in [8].

The HCA model takes packages of constant-amplitude
cycles as input. A loading with varying amplitudes (e.g.
traffic loading, wind and wave loading) must be decom-
posed into such packages (Fig. 1). The procedure is based
on the assumption, that the sequence of the packages is of
minor importance for the final residual deformation, that
means that Miner’s rule [7] known from fatigue mechanics
of metals is applicable to sand. The present paper provides
the experimental evidence. Triaxial tests on sand with four
packages of 25,000 cycles each applied in different sequences
are presented (Section 4). The measured accumulation rates
are fairly well predicted by the HCA model.

t

σ

t

σ

Fig. 1: A loading with varying amplitudes is decomposed into
packages each with a constant amplitude

At present the HCA model does not consider a mono-
tonic preloading history as an influencing parameter. A
monotonic preloading is understood here as the single ap-
plication of a stress which is much larger than the aver-
age stress during the subsequent cycles. The present pa-
per provides evidence that the effect of such preloading
up to an effective mean pressure p = 300 kPa can be ne-
glected for practical purpose. In the drained cyclic triaxial
tests, N = 104 cycles have been applied after a drained
monotonic preloading along an isotropic or K0-stress path,
respectively. To the authors’ best knowledge, such experi-
ments have not been documented in the literature yet.

If the average stress σ
av is changed between two pack-

ages of cycles, the flow rule ε̇acc
q /ε̇acc

v and the intensity of
accumulation ε̇acc in the later package may significantly dif-
fer from the values observed for freshly pluviated sand at

1



Wichtmann et al. Soil Dyn. Earthq. Eng., Vol. 30, No. 8, pp. 736-745, 2010

same σ
av (Section 6). The effect of such combined mono-

tonic and cyclic preloading needs further investigation and
may necessitate an extension of the HCA model.

2 Literature review

Miner’s rule [7] has been developed in order to estimate the
fatigue of metals subjected to a cyclic loading with varying
amplitudes. If Nfi is the number of cycles to failure for a

constant amplitude σampl
i , the failure criterion for varying

amplitudes can be expressed as

n
∑

i=1

Ni

Nfi

= 1, (2)

wherein Ni is the number of cycles applied with the ampli-

tude σampl
i . Accordingly, the sequence of the amplitudes is

irrelevant.
For a low number of cycles (N < 150) Miner’s rule has

been experimentally confirmed for a calcareous sand by
Kaggwa et al. [6]. Kaggwa et al. performed triaxial tests
with a constant average stress and with three packages of
50 cycles applied with amplitudes qampl = 100, 150 and 200
kPa. Their sequence hardly influenced the final values of the
residual volumetric and shear strain, Fig. 2 (γ = ε1 − ε3).
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Fig. 2: Residual a) shear and b) volumetric strains in tests with
packages of cycles performed by Kaggwa et al. [6]

Some research on the effect of a cyclic loading with vary-
ing amplitudes has been done in the field of geotechnical
earthquake engineering. Random cyclic loading histories

were tested under undrained conditions for example by Ishi-
hara & Yasuda [4, 5], Ishihara & Nagase [2] and Tatsuoka
et al. [13]. In order to estimate the risk of liquefaction, a
random cyclic loading is usually replaced by an equivalent
number of cycles with a constant amplitude (e.g. Seed &
Idriss [9], Seed et al. [10]). ”Equivalent” means the same
build-up of excess pore water pressure after all cycles have
been applied. The constant amplitude is chosen as a cer-
tain fraction (e.g. 65 %) of the maximum amplitude of the
random cyclic loading.

The influence of a monotonic preloading on strain or
pore pressure accumulation was rarely studied in the liter-
ature. Some undrained cyclic tests on specimens preloaded
monotonically towards different OCR-values (Ishihara &
Takatsu [3], Seed & Peacock [11]) showed an increase of the
liquefaction resistance with increasing OCR. A significant
change of the undrained monotonic shear behaviour due to
a monotonic preloading has been experimentally found by
Doanh et al. [1] for extremely loose specimens prepared by
moist tamping.

3 Tested material and testing procedure

All tests were performed on a poorly graded medium coarse
quartz sand with a subangular grain shape. It has a mean
grain size of d50 = 0.55 mm and a coefficient of uniformity
Cu = d60/d10 = 1.8. The grain size distribution curve is
given in Fig. 4 of [14] (denoted as Sand No. 1).

A scheme of the cyclic triaxial device used for the present
study has also been shown by Wichtmann et al. [14]. Cylin-
drical specimens (diameter d = 10 cm, height h = 20 cm)
were prepared using the air pluviation technique. After
flushing with CO2, they were saturated with de-aired wa-
ter. Using a back pressure of 200 kPa Skempton’s B-value
was > 0.98 in all tests. The cell pressure was kept constant
in the tests of the present study. The axial load was ap-
plied with a pneumatic loading system and was measured
inside the pressure cell below the specimen base. Axial de-
formations were measured with a displacement transducer
attached to the load piston. The system compliance known
from preliminary tests with a steel dummy was subtracted.
Volume changes were determined via the pore water using
a burette system and a differential pressure transducer.

First the average stress σ
av was applied and maintained

for a period of one hour. Next, the cyclic loading was com-
menced. Some of the cyclic tests were preceded by a mono-
tonic preloading (Section 5) while some were not. The first
irregular cycle of each package was applied at a low fre-
quency f = 0.01 Hz. The subsequent regular cycles were
applied at a frequency of 0.25 Hz in the tests on Miner’s
rule and at 0.1 Hz in the tests with a monotonic preloading.
In accordance with the literature (see e.g. [12, 20]) Wicht-
mann et al. [14] have demonstrated that the loading fre-
quency does not affect the accumulation of residual strain
in the tested range 0.05 Hz ≤ f ≤ 2 Hz.

4 Validation of Miner’s rule

Six tests were performed with the same average stress (pav

= 200 kPa, ηav = qav/pav = 0.75) and with initially medium
dense specimens (0.58 ≤ ID0 ≤ 0.63). Four packages, each
with 25,000 cycles, were applied in succession. The devia-
toric stress amplitudes qampl = 20, 40, 60 and 80 kPa were
tested in different sequences (see a scheme in Figure 3).
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Fig. 4: εacc
q -εacc

v -strain paths in four tests with amplitudes qampl = 20, 40, 60 and 80 kPa applied in different sequences (pav = 200
kPa, ηav = 0.75, f = 0.25 Hz)
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Fig. 3: Tested sequences of the amplitudes qampl = 20, 40, 60
and 80 kPa

Fig. 4 shows that the effect of the sequence of applica-
tion of the packages on the ”cyclic flow rule” ε̇acc

q /ε̇acc
v is

negligible. The direction of the strain paths in the εacc
q -εacc

v -
diagram hardly changes due to a change in the amplitude.
At the most, a small increase of the ratio ε̇acc

q /ε̇acc
v was

measured at the beginning of a package if qampl was in-
creased and if no larger stress amplitude had been applied
previously.

The diagrams showing q versus ε1 in Figure 5 demon-
strate that the residual strain in the first, irregular cycle of
each package depends on the sequence of application. Con-
sidering the test 20 → 80 → 40 → 60 (Fig. 5d), the package
with small cycles (here qampl = 20 kPa) affects the stiffness
during the first, irregular cycle of the subsequent package
with a larger amplitude (here qampl = 80 kPa). During the
initial phase of the irregular cycle the stiffness is similar to
the secant stiffness of the previous small cycles (here until
a deviatoric stress q ≈ qav + 3qampl = 210 kPa is reached).
Therefore, the residual strain due to this irregular cycle
is significantly reduced, compared to a test in which the
same amplitude is applied in the first package (Fig. 5f).
The residual strains due to the first cycles of each pack-
age are extremely small for a sequence 20 → 40 → 60 → 80
(Figure 5a). The earlier the packages with large amplitudes
are applied, the larger are the residual deformations in their
first cycles.

Figure 6a shows the accumulation curves εacc(N) in-
cluding the residual strain due to the first cycles of each
package. The residual strain εacc at the end of the fourth
package was the larger, the earlier the packages with the
large amplitudes qampl ≥ 60 kPa were applied. This can be
attributed to the larger residual strains in the first cycles
(Figure 5). If one subtracts the strains accumulated in the
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Fig. 5: q-ε1-diagrams in six tests with packages of cycles with amplitudes qampl = 20, 40, 60 and 80 kPa applied in different sequences.
The diagrams show the first 25 cycles and 5 cycles at N = 50, 100, 200, 500, 1000, 2000, 5000, 10000, 20000 and 25000.
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first cycles of each package (Figure 6b) the residual strain
at the end of a test is the larger the later the packages
with the large amplitudes are applied. The slower accumu-
lation during the regular cycles in the tests with an early
application of the large amplitudes can be explained with
the larger compaction in the first cycles. The smaller void
ratios cause smaller accumulation rates.
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the residual strains in the first cycles

From Figure 6 it may be concluded, that the influence of
the sequence of application of packages of cycles on the final
value of the residual strain is only moderate. Therefore, it
seems justified to neglect the influence of the sequence of
application in a HCA model.

The validity of Miner’s rule seems to be independent
of the number of applied cycles, since it was confirmed
for 100 cycles per package by Kaggwa et al. [6] and for
25,000 cycles per package by the present test series. How-
ever, for very large numbers of cycles N > 105 per package
Miner’s rule has not been confirmed yet. It is likely that
the results of the present test series would be similar for a
wide range of clean sands, since the basic characteristics of
strain accumulation were found similar for several quartz
sands with different grain size distribution curves [17, 18].
Since the initial fabric, that means the method of sample
preparation has been found to influence both, the intensity
of accumulation and the cyclic flow rule [19], it may also
affect Miner’s rule. Up to now, Miner’s rule has been vali-
dated only for air-pluviated sand samples of medium den-
sity. Furthermore, Miner’s rule has been confirmed only for

the case of an uniaxial cyclic loading. If the polarization,
that means the direction of the cycles changes between sub-
sequent packages, the sequence of application may not be
irrelevant anymore. The effect of moisture content on the
various components of the HCA model, amongst them on
the validity of Miner’s rule is also unclear so far. All these
open questions need further experimental investigations in
the future.

Finally, the test results are briefly discussed regarding
the elastic portion of strain. For larger stress amplitudes
qampl ≥ 60 kPa a considerable decrease of the strain ampli-
tude εampl with N is usually observed during the first 100
cycles [14] (so-called ”conditioning phase”). In the present
tests such decrease could be observed only, if no larger am-
plitude qampl was applied previously. This becomes clear
from Figure 7 which shows the development of the strain
amplitude with N in the two tests with the sequences
20 → 40 → 60 → 80 and 80 → 60 → 40 → 20.
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Fig. 7: Strain amplitudes εampl, εampl
v and εampl

q as a function
of the number of cycles N in two of the tests

The HCA model proposed by Niemunis et al. [8] obeys
Miner’s rule due to its historiotropic variable gA. It quanti-
fies the cyclic preloading containing an information about
the number N of previous cycles and about their strain
amplitude εampl. The prediction of the HCA model for 105

cycles, half of them with εampl = 2 ·10−4 and the other half
with εampl = 4 · 10−4, is shown in Fig. 8. Obviously, the
residual strain does not depend on the number of packages
or on their sequence.

The prediction of the HCA model for the six tests is
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Fig. 8: Predicted accumulation curves εacc(N) during 105 cycles with strain amplitudes εampl = 2 ·10−4 or εampl = 4 ·10−4 , applied in
different packages and sequences (e = emax = 0.874, pav = 100 kPa, ηav = 0, that means fe = fp = fY = 1, HCA model parameters
taken from Table 1)

Parameter Value

Campl 1.76
Ce 0.53
eref 0.874
Cp 0.42
CY 2.06
CN1 3.6 · 10−4

CN2 0.42
CN3 5.0 · 10−4

Table 1: Parameters of the HCA model used for the re-
calculation of the element tests (Campl = exponent of function
fampl)

compared to the measured data in Figure 9. The mate-
rial constants of the HCA model given in Table 1 and
the measured strain amplitudes εampl(N) were used as in-
put. The constants in Table 1 differ from those derived by
Wichtmann et al. [14] since recent test results [18] have
shown that the exponent Campl of the amplitude function

fampl = (εampl/10−4)Campl should be treated as an addi-
tional material constants rather than setting it to the con-
stant value of 2.0. Therefore, the data provided by Wicht-
mann et al. [14] have been re-analyzed delivering the pa-
rameters collected in Table 1. Despite some deviations be-
tween the experimental and the recalculated data, the HCA
model reproduces well the change of the accumulation rate
due to a change of the amplitude, considering the prior
cyclic loading (Figure 9).

5 Influence of a monotonic preloading

Starting from p = 50 kPa, medium dense specimens were
monotonically preloaded up to a mean pressure of ppreload =
200 or 300 kPa, respectively, either along the isotropic axis
(η = q/p = 0) or along a K0-stress path (η = 0.75), Figure

10. These preloading pressures are well below values for
which significant particle breakage would be expected. The
preloading pressure was maintained over a period of five
minutes. Next, the specimens were unloaded to p = 100 kPa
along the same stress path. Subsequently, 104 cycles with a
stress amplitude qampl = 50 kPa were applied at pav = 100
kPa and ηav = 0 or 0.75, respectively. Additional tests on
specimens without a preloading (denoted by ppreload = 100
kPa in the following diagrams) have also been performed
for comparison purposes.

CSL
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Fig. 10: Stress paths in the tests with monotonic preloading

The ”cyclic flow rule” is not influenced by the mono-
tonic preloading. This becomes clear from the εacc

q -εacc
v -

strain paths given in Figure 11. For both, a preloading along
η = 0 and along η = 0.75, the directions of the strain paths
coincide for different values of ppreload.

The accumulation curves εacc(N) in the tests with
ppreload = 200 kPa hardly differ from those obtained for
the non-preloaded specimens. This applies for both, the
preloading along η = 0 (Figure 12a) and along η = 0.75
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(Figure 12b). Despite a similar initial density ID0 the ac-
cumulation rates of the specimens preloaded up to ppreload

= 300 kPa were slightly lower. This finding is in agree-
ment with the results of Ishihara & Takatsu [3] or Seed
& Peacock [11] concerning the rate of pore water pressure
accumulation in undrained tests. It may be attributed to
fabric changes during monotonic preloading which seem to
become significant only for larger values of ppreload. The ac-
cumulation rate ε̇acc is much less affected by a monotonic
preloading than by a cyclic one, at least for specimens pre-
pared by air pluviation. Therefore, it is justified to neglect
the effect of a monotonic preloading in the HCA model.

The experiments of Doanh [1] indicate, however, that
the influence of a monotonic preloading may be more pro-
nounced for very loose specimens prepared by moist tamp-
ing. Therefore, the initial density and the method of sample
preparation (initial fabric) may affect the change of the in-
tensity of accumulation ε̇acc or the flow rule ε̇acc

q /ε̇acc
v due

to a monotonic preloading. Furthermore, the effect of a
monotonic preloading could be more pronounced if both,
the preloading and the subsequent cycles have the same
polarization, for example if the isotropic preloading is fol-
lowed by cycles along the p-axis. Further research on the
influence of a monotonic preloading under such conditions
is necessary.

6 Effect of a change of the average stress

A combination of a monotonic and a cyclic preloading was
also tested in a drained triaxial test on a medium dense
specimen. Packages of 100 cycles were applied at different
average stresses σ

av in succession. The amplitude-pressure
ratio qampl/pav = 0.3 was the same for all packages. The
average stress was pav = 200 kPa, ηav = 0.75 in the packages
Nos. 1,3,5 and 7 (see a scheme in Figure 13). In package
No. 2 the average stress ratio was increased to ηav = 1.1. In
the packages Nos. 4 and 6 the average mean pressure was
decreased to pav = 100 kPa or increased to pav = 300 kPa,
respectively.

In Figure 14 the cyclic flow rule is shown as a unit vector
with origin at the average stress σ

av of the respective pack-
age of cycles and inclined accordingly to the measured ratio
ε̇acc

q /ε̇acc
v of the strain accumulation rates. During the first

two packages of cycles, the ”cyclic flow rule” agreed well
with the flow rule of the Modified Cam-Clay (MCC) model
(Figure 14a,b, see also [14]). However, the cyclic preload-
ing at ηav = 1.1 drastically changed the flow rule towards
a more isotropic accumulation in the subsequent packages
at smaller average stress ratios (Figure 14c-f). During the
packages Nos. 3 and 4 even a negative rate of deviatoric
strain accumulation ε̇acc

q < 0 was measured. With increas-
ing number of cycles, a slight rotation of the vectors back
towards the MCC flow rule was observed. The difference
to the MCC flow rule became less pronounced in package
No. 6 applied at pav = 300 kPa, probably because of a
smaller distance to the preloading surface.

The comparison of the accumulation rates ε̇acc (Figure
15b) in the packages with pav = 200 kPa and ηav = 0.75
(Nos. 1,3,5 and 7) with a reference test at constant σ

av

reveals that a change of σ
av temporarily increases the in-

tensity of accumulation ε̇acc. A similar effect is observed if
the polarization of the cycles is suddenly changed [15]. The
decrease of the rate ε̇acc after a change of σ

av is faster than
in the reference test at the same N -value.

8
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Therefore, if a cyclic loading is preceded by a cyclic
preloading at a considerably different average stress, then
both the cyclic flow rule and the expression for the intensity
of accumulation proposed in the HCA model become inac-
curate. For a description of this effect in the HCA model
further experimental investigations are necessary.
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7 Summary, conclusions and outlook

The validity of Miner’s rule has been confirmed for freshly
pluviated sand of medium density in drained triaxial tests
with an uniaxial cyclic loading. Four packages of 25,000 cy-
cles with different amplitudes have been applied in different
sequences. The direction of accumulation (cyclic flow rule)
turned out to be hardly influenced by the sequence of the
packages. The final values of the residual strain were also
similar (20 % differences at most). The HCA model pro-
posed by the authors [8] obeys Miner’s rule and predicts
fairly well the measured curves εacc(N). However, further
research is necessary particularly with regard to the valid-
ity of Miner’s rule for a change of the polarization between
subsequent packages of cycles and for sample preparation
methods others than air pluviation (different initial fabric).

A monotonic preloading does not affect the cyclic flow
rule ε̇acc

q /ε̇acc
v and decreases only moderately the intensity

of accumulation ε̇acc for freshly pluviated sand of medium
density, at least in the range of tested preloading pressures
ppreload ≤ 300 kPa. This applies to both, an isotropic and
a K0-preloading. Consistently, the effect of a monotonic
preloading has been neglected in the HCA model. How-
ever, a larger effect may be observed for very low initial
densities, for sample preparation methods others than air
pluviation or for cycles applied with the same polarization
as the preloading. This should be clarified in further exper-
iments in the future.

A significant change of the average stress σ
av between

two packages of cycles strongly changes the cyclic flow rule
ε̇acc

q /ε̇acc
v . It also seems to temporarily increase the intensity

of accumulation. For a respective modification of the HCA
model further investigations are necessary.
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