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Abstract: Depending on the boundary conditions a high-cyclic loading (= large number of cycles N ≥ 103, small strain
amplitudes εampl ≤ 10−3) may either lead to strain accumulation or stress relaxation in the soil. This paper concentrates
on stress relaxation. For a cyclic loading applied under undrained triaxial conditions, the high-cycle accumulation (HCA)
model of Niemunis et al. [23] predicts a relaxation of average effective stress until a stress ratio ηav = qav/pav = Mcc

(triaxial compression) or Mec (extension) is reached. Mcc and Mec are very similar to the critical stress ratios Mc and Me

known from monotonic shear tests. The average effective stresses finally reached after a sufficiently large number of cycles
are called ”stress attractors” herein. A zero effective stress state (liquefaction, pav = qav = 0) is obtained as a special case
of a stress attractor. However, up to now the stress attractors predicted by the HCA model were based on the data from
drained cyclic tests only. In the present study they have been approximately confirmed by stress relaxation experiments,
i.e. undrained cyclic triaxial tests with stress or strain control. These tests have been performed on a fine sand, varying the
initial values of density, mean pressure and stress ratio as well as the stress or strain amplitude.
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1 Introduction

High-cycle accumulation (HCA) models [1, 17, 23, 26, 31]
have been primarily developed in order to predict the per-
manent deformations in soils due to a cyclic loading with
many cycles (N ≥ 103) of small to intermediate strain am-
plitudes (εampl ≤ 10−3). These models can be applied to
predict the long-term settlements of foundations subjected
to traffic loading (e.g. high-speed railways, magnetic levi-
tation trains), wind and wave action (e.g. onshore and off-
shore wind power plants [45, 52], coastal structures) or re-
peated filling and emptying processes (e.g. tanks, silos, wa-
tergates). Machine foundations (e.g. gas turbines [6]) are
another practical example for a high-cyclic loading.

However, if some or all components of the strain tensor
are fully or partly restricted, beside the accumulation of
strain also a relaxation of stress takes place in the soil. Such
stress relaxation occurs in many boundary value problems
with high-cyclic loading, e.g. in the case of monopile foun-
dations for offshore wind power plants which are subjected
to horizontal wind and wave loading [45]. In that case a
considerable redistribution of the horizontal stresses acting
on the pile shaft may occur, in particular in the upper layers
of soil. A redistribution of stress due to high-cyclic loading
has been also observed for shallow foundations supporting a
relatively rigid structure [44,52]. If some of the foundations
are subjected to cycles with larger amplitudes and thus
suffer larger accumulation, the average foundation stresses
are redistributed towards the foundations with lower cyclic
loads. Accordingly, the internal forces in the structure are
altered, probably leading to damage.

Consequently, a HCA model must also properly describe
the stress relaxation in the soil caused by the cyclic load-
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ing. As discussed in detail in the next Section, the stress
relaxation predicted by the HCA model of Niemunis et
al. [23] depends on the intensity of strain accumulation ε̇acc,
the direction of accumulation (cyclic flow rule, volumetric
component mv , deviatoric component mq) and the elastic
stiffness (bulk modulus K, shear modulus G). The quanti-
ties ε̇acc and K, G determine the intensity of stress relax-
ation [41]. The stress attractors, i.e. the average effective
stresses reached by the relaxation path after a sufficiently
large number of cycles, come out of the equations for the
cyclic flow rule. According to these equations, for triaxial
conditions the HCA model predicts a stress relaxation until
the stress ratio ηav = qav/pav is equal to the parameter M
of the cyclic flow rule (M = Mcc for triaxial compression,
M = Mec for extension).

The parameter M used in the HCA model is usually cal-
ibrated from a series of drained cyclic tests with different
average stress ratios [39, 42]. Figure 1 presents the results
of such a test series performed on the fine sand (d50 = 0.14
mm, Cu = 1.5, emin = 0.677, emax = 1.054) used in the
present study. In those tests, medium dense samples with
ID0 = (emax − e)/(emax − emin) = 0.57 ÷ 0.62 were sub-
jected to 105 cycles. The average mean pressure was pav =
200 kPa and the stress amplitude was qampl = 40 kPa in
all tests. Stress ratios ηav between 0.5 and 1.25 were tested.
While Figure 1a presents the curves of accumulated strain
εacc (with ε =

√

(ε1)2 + 2(ε3)2) versus the number of cy-
cles N , the accumulated deviatoric strain εaccq is plotted
versus the accumulated volumetric strain εaccv in Figure 1b,
with εv = ε1+2ε3 and εq = 2/3(ε1−ε3). The parameterM
used in the cyclic flow rule corresponds to the average stress
ratio ηav for which the accumulation is purely deviatoric,
i.e. no volumetric strain accumulation takes place at that
stress ratio (ε̇accv = 0). From the data in Figure 1b, a value
M = Mcc = 1.25 can be derived, corresponding to a critical
friction angle of ϕcc = 31.1◦. The corresponding lines in the
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p-q plane, inclined by Mcc for triaxial compression or Mec

for triaxial extension, are denoted as ”zero volumetric ac-
cumulation (drained)” lines (ZVADL) in the following. The
Mcc value obtained from Figure 1b is in good accordance
with the literature [3, 22, 39, 42]. Note, that the parame-
ters Mcc and Mec used in the HCA model are similar but
need not be identical to the critical stress ratios Mc and
Me obtained from monotonic shear tests [42]. Therefore,
the ZVADL lies close to the critical state line (CSL) from
monotonic tests.

Volumetric strain εacc [%]v

D
e

v
ia

to
ri
c
 s

tr
a

in
 ε

a
c
c
 [

%
]

q

-0.1 0 0.1 0.2 0.3 0.4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

A
c
c
u

m
u

la
te

d
 s

tr
a

in
 ε

a
c
c
 [

%
]

a)

b)

0

0.2

0.4

0.6

1.0

0.8

ηav = 

0.50

0.75

1.00

1.25

ηav = 

0.50

0.75

1.00

1.25

all tests:

pav = 200 kPa

qampl = 40 kPa

ID0 = 0.57 - 0.62

all tests:

pav = 200 kPa

qampl = 40 kPa

ID0 = 0.57 - 0.62

10
0

10
1

10
2

10
3

10
4

10
5

Number of cycles N [-]

N = 10
5

Fig. 1: a) Strain accumulation curves εacc(N) and b) accumu-
lated deviatoric strain εaccq versus accumulated volumetric strain
εaccv measured in drained cyclic triaxial tests on the fine sand
with different average stress ratios ηav

The stress relaxation predicted by the HCA model pro-
ceeds until the average effective stress path reaches the
ZVADL. However, the assumption of the ZVADL as a stress
attractor is only based on drained cyclic test data as that
shown in Figure 1b. Up to now this assumption has been
confirmed in stress relaxation experiments for special cases
only, i.e. for triaxial test conditions leading to a zero ef-
fective stress state (liquefaction, pav = qav = 0) after a
sufficiently large number of cycles. The ZVADL as a stress
attractor can be checked by undrained (constant volume)
triaxial tests with stress cycles applied at an average stress
ratio ηav > 0. Such examination is the purpose of the ex-
perimental study documented in this paper.

All samples (diameter d = 100 mm, height h = 100

mm) were prepared by air pluviation and tested under fully
water-saturated conditions. The loading was applied very
slowly (displacement rate 0.05 mm/min) by a load press
driven by an electrical motor, controlling the minimum and
maximum stresses.

2 Prediction of strain accumulation or stress re-
laxation by the HCA model

In the following, the prediction of strain accumulation or
stress relaxation by the HCA model is recapitulated for the
simple boundary value problem of an axisymmetric triax-
ial test. For axisymmetric element tests it is convenient to
write the basic equations of the HCA model with Roscoe’s
invariants:

ṗ = K (ε̇v − ε̇acc mv) (1)

q̇ = 3G (ε̇q − ε̇acc mq) (2)

In contrast to conventional constitutive models, HCA mod-
els predict only the cumulative portions of stress or strain.
Therefore, in the context of HCA models the dot over a
symbol means a derivative with respect to the number of cy-
cles N (instead of time t), i.e. ṫ = ∂t/∂N or an increment
per cycle. In Eqs. (1) and (2), the rates of mean pressure
ṗ = (σ̇1+2σ̇3)/3 and deviatoric stress q̇ = σ̇1−σ̇3 are inter-
related with the rates of volumetric strain ε̇v and deviatoric
strain ε̇q by an elastic stiffness described by bulk modulus
K = E/3/(1 − 2ν) and shear modulus G = E/2/(1 + ν).
Omitting the plastic strain rate (see [23]) in Eqs. (1) and
(2) is legitimate for homogeneous stress fields.

The intensity of accumulation ε̇acc is calculated as the
product of six functions, considering the influences of strain
amplitude, void ratio, average stress, cyclic preloading and
polarization changes [23,38,40]. The equations for the vol-
umetric (mv) and deviatoric (mq) portions of the cyclic
flow rule are adapted from the Modified Cam Clay (MCC)
model [39, 42]:

mv = f

[

1− (ηav)2

M2

]

(3)

mq = 2 f
ηav

M2
(4)

with

f =
1

√

1
3

[

1− (ηav)2

M2

]2

+ 6
(

ηav

M2

)2
(5)

M = FMcc (6)

F =







1 +Mec/3 for ηav ≤ Mec

1 + ηav/3 for Mec < ηav < 0
1 for ηav ≥ 0

(7)

wherein

Mcc =
6 sinϕcc

3− sinϕcc

and Mec = − 6 sinϕcc

3 + sinϕcc

. (8)

ϕcc is a friction angle corresponding to the critical friction
angle ϕc from monotonic shear tests.

Eqs. (3) and (4) can be used to calculate the ratio of
the rates of volumetric and deviatoric strain accumulation
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Fig. 2: Strain accumulation predicted by the HCA model for different average stress ratios in drained cyclic triaxial tests
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Fig. 3: Development of average stress and shear strain accumulation predicted by the HCA model for undrained triaxial tests with
different control: a-b) stress cycles, c-d) strain cycles

predicted by the HCA model for a drained test with stress-
controlled cycles:

ε̇accv

ε̇accq

=
mv

mq

=
M2 − (ηav)2

2ηav
. (9)

Depending on the boundary conditions, the basic equa-
tions (1) and (2) predict either a change of the average effec-
tive stress or an accumulation of permanent strain or both.
Furthermore, according to Eqs. (3) and (4), the portions
of volumetric and shear strain accumulation (ε̇accv /ε̇accq ) or
isotropic and deviatoric stress relaxation (ṗ/q̇) depend on
the average stress ratio ηav.

In a drained cyclic triaxial test with stress cycles an un-
constrained accumulation of strain takes place. The aver-
age stress does not change during the cycles, i.e. ṗ = 0 and
q̇ = 0 holds. In that case, the basic equations (1) and (2)
simplify to:

ε̇v = ε̇acc mv and ε̇q = ε̇acc mq (10)

The four cases of stress cycles shown in the p-q-plane in
Figure 2a are considered in the following. For an axial cyclic
loading the stress paths have an inclination of 1:3 in the p-
q-plane. In case ”1” the average effective stress is isotropic
(ηav = 0). The components of the direction of accumulation
are obtained from Eqs. (3) and (4):

mv =
√
3 and mq = 0 (11)

From Eq. (10) follows:

ε̇v =
√
3 ε̇acc and ε̇q = 0 (12)

As shown schematically in Figure 2b, a pure volumetric ac-
cumulation of strain is predicted. No accumulation of shear

deformation takes place. If the cycles are applied at an av-
erage stress ratio ηav = Mcc (case ”3” in Figure 2a), the
components of the direction of accumulation read:

mv = 0 and mq =
√

2/3 (13)

leading to the strain accumulation rates

ε̇v = 0 and ε̇q =
√

2/3 ε̇acc (14)

In that case only the shear strain accumulates while the vol-
umetric strain does not change (see the scheme in Figure
2d). For stress ratios 0 < ηav < Mcc (case ”2”, Figure 2c)
the equations of the HCA model predict an accumulation
of both, permanent volume and shear strains. Their ratio
depends on ηav. In the overcritical regime ηav > Mcc (case
”4”, Figure 2e) the expression for the volumetric strain ac-
cumulation rate becomes negative, i.e. cumulative dilatancy
is predicted. The tests in [37–39,42] confirm the strain ac-
cumulation behaviour shown schematically in Figure 2.

An example with a partly prevented accumulation of de-
formation is the undrained triaxial test with axial stress
cycles performed on fully water-saturated samples. The vol-
ume changes are zero (ε̇v = 0) if membrane penetration ef-
fects and the compressibility of water are disregarded. The
average value of deviatoric stress stays constant during the
cycles, i.e. q̇ = 0 holds. The basic equations (1) and (2)
then simplify to:

ṗ = −K ε̇acc mv = − u̇ (15)

ε̇q = ε̇acc mq , (16)

i.e. they describe a relaxation ṗ of the effective mean pres-
sure p and an accumulation ε̇q of shear strain. The rate of
pore water pressure accumulation u̇ can be calculated from
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the relationship u̇ = −ṗ. Similar to the drained case, the
split-up of the rate of accumulation into a deviatoric part
(permanent shear strain) and an isotropic portion (relax-
ation of effective mean pressure / pore water pressure accu-
mulation) depends on the average stress ratio. The soil re-
sponse in the undrained cyclic test is adequately described
by the schemes in Figure 2 if εv is replaced by u. For the
special case of an isotropic initial stress, one obtains:

u̇ =
√
3 K ε̇acc and ε̇q = 0, (17)

which is shown schematically as case ”1” in Figure 3a,b.
While in the drained case the accumulation of volumetric
strain is only restricted by the maximum packing density,
for the undrained tests with stress ratios 0 < ηav < Mcc the
HCA model predicts a relaxation of effective mean pressure
that stops if the stress ratio ηav = Mcc, i.e. the ZVADL
is reached (case ”2” in Figure 3a). For ηav = Mcc (case
”3”) no pore water pressure accumulation takes place. For
overcritical stress ratios (case ”4”) negative rates u̇ can be
expected. Tests of the type shown as case ”2” in Figure 3a
have been performed in the framework of the experimental
study discussed in this paper.

A boundary value problem with fully prevented strain
accumulation is the undrained triaxial test with strain cy-
cles applied in the axial direction. In that case ε̇v = 0,
ε̇q = 0 and ε̇1 = 0 holds. The basic equations (1) and (2)
simplify to:

ṗ = −K ε̇acc mv (18)

q̇ = −3G ε̇acc mq (19)

Therefore, the cyclic loading leads to a relaxation of both,
the average effective mean pressure p and the average de-
viatoric stress q (Figure 3d). The HCA model predicts ef-
fective stress paths as shown schematically in Figure 3c. A
zero effective stress state is finally reached.

Note, that in contrast to experimental observations,
many conventional (elastoplastic or hypoplastic) constitu-
tive models predict a pore pressure accumulation that stops
before reaching full liquefaction. This is due to the balanc-
ing of positive and negative dilatancy after a certain num-
ber of cycles. Such problem is not encountered when using
a properly defined HCA model, because only the cumula-
tive trends are described by the constitutive equations. As
demonstrated above, in calculations with the HCA model
the fully liquefied state (pav = qav = 0) can be reached.

3 FL and PTL as reference lines from undrained
monotonic tests

Beside the ZVADL discussed above, the stress attractors
observed in the undrained cyclic tests will be compared
also with the failure (FL) and phase transformation lines
(PTL) derived from undrained monotonic triaxial tests on
the fine sand. These tests were performed with different
initial pressures and densities. Both, triaxial compression
and extension tests have been conducted. The measured
effective stress paths are given in the p-q plane in Figure 4.

The inclinations Mc,FL and Me,FL of the failure lines
in triaxial compression and extension and the obliquities
Mc,PTL and Me,PTL of the phase transformation lines de-
rived from the data in Figure 4 have been plotted versus
relative density in Figure 5. Obviously, these quantities are
density-dependent, which can be described by:

Mc,FL = 1.41 + 0.21(ID0)
4.2 (20)

Me,FL = −0.95− 0.041(ID0)
4.2 (21)

Mc,PTL = 1.03 + 0.65(1− ID0)
2.4 (22)

Me,PTL = −0.79− 0.27(1− ID0)
1.9 (23)

(see the solid or dashed curves in Figure 5, respectively).
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The direction of accumulation (cyclic flow rule) has been
found rather independent of relative density, stress or strain
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amplitude and average mean pressure [37–39, 42]. There-
fore, in contrast to FL and PTL, the ZVADL is density-
independent.

4 Tests with relaxation towards zero effective
stress

These tests have been already presented in [41]. In that
study, the results have been used to calibrate the bulk mod-
ulus K and Poisson’s ratio ν of the HCA model stiffness.
These tests confirm the stress relaxation paths predicted
by the HCA model for the special cases of an isotropic con-
solidation and stress cycles (case ”1” in Figure 3a,b) or an
anisotropic consolidation and strain cycles (Figure 3c,d).
Therefore, the results are briefly recapitulated in this Sec-
tion.

4.1 Tests with isotropic consolidation and stress
cycles

Several tests with different values of relative density, initial
mean pressure and stress amplitude have been performed.
Figure 6 shows typical test results for a medium dense sam-
ple (ID0 = 0.63) consolidated at p0 = 300 kPa, η0 = 0 and
subjected to cycles with an amplitude qampl = 90 kPa. The
test conditions are also summarized in Table 1 (test No. 1).
When the effective stress path comes close to the failure
line in the triaxial extension regime, it starts to follow a
butterfly-shaped loop (Figure 6a) and the axial strain am-
plitude increases with each subsequent cycle (Figure 6b).
Such behaviour is denoted as ”cyclic mobility”. After the
initial liquefaction (i.e. p = 0 is reached for the first time)
large axial strains appear without mobilizing any signifi-
cant shear resistance (i.e. q ≈ 0, Figure 6c). The sample
is said to have failed if the axial strain amplitude exceeds

a predefined value (e.g. εampl
1 = 5 % has been chosen in

the present study for the medium dense sand). After initial
liquefaction, the average effective stress, i.e. the effective
stress at the end of each cycle is zero. Therefore, the test
data in Figure 6a confirms the stress attractor p = q =
0 predicted by the HCA model for a test with isotropic
consolidation and stress cycles (case ”1” in Figure 3a,b).
Similar conclusions can be drawn from tests on medium
dense samples consolidated at other initial pressures (e.g.
p0 = 100 kPa in Figure 7a) and from tests on loose (ID0 =
0.24, Figure 7b) or dense samples (ID0 = 0.82, Figure 7c),
respectively (test Nos. 2-4 in Table 1). The data in Figures
6 and 7 agrees well with numerous experimental studies on

Test ID0 p0 q0 η0 qampl εampl
1

No. [-] [kPa] [kPa] [-] [kPa] [-]

1 0.63 300 0 0 90 -

2 0.61 100 0 0 30 -

3 0.24 300 0 0 45 -

4 0.82 300 0 0 90 -

5 0.66 200 230 1.15 - 6× 10−4

6 0.67 200 -4 -0.02 - 6× 10−4

7 0.58 200 -148 -0.74 - 6× 10−4

8 0.63 300 150 0.50 60 -

9 0.61 300 150 0.50 90 -

10 0.63 300 150 0.50 120 -

11 0.59 200 150 0.75 40 -

12 0.66 200 150 0.75 50 -

13 0.59 200 150 0.75 60 -

14 0.63 150 150 1.00 20 -

15 0.59 150 150 1.00 40 -

16 0.38 300 150 0.50 120 -

17 0.86 300 150 0.50 120 -

18 0.40 200 150 0.75 60 -

19 0.80 200 150 0.75 60 -

20 0.53 50 37.5 0.75 12.5 -

21 0.57 100 75 0.75 25 -

22 0.63 300 225 0.75 75 -

23 0.56 200 200 1.00 60 -

24 0.57 200 100 0.50 60 -

25 0.66 200 60 0.30 60 -

26 0.56 200 50 0.25 60 -

27 0.61 200 -50 -0.25 60 -

28 0.61 200 -50 -0.25 40 -

29 0.66 200 -100 -0.50 40 -

Table 1: Program of undrained cyclic triaxial tests
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Fig. 8: Effective stress paths in undrained cyclic tests with strain cycles applied on samples consolidated at different η0 values (all

tests: p0 = 200 kPa, εampl
1 = 6 × 10−4, 0.58 ≤ ID0 ≤ 0.67, test Nos. 5-7 in Table 1).

the liquefaction resistance of non-cohesive soils published in
the literature. Similar effective stress paths from triaxial,
torsional shear or simple shear tests have been presented
e.g. in [5, 7–13,19–21,24, 25, 29, 32–36,43, 46–51,53, 54].

4.2 Tests with strain cycles

The results of three stress relaxation experiments with fully
prevented strain accumulation are shown in Figure 8. These
effective stress paths have been measured for initial stress
ratios η0 = 1.15, ≈ 0 and -0.74 (test Nos. 5-7 in Table 1).
All samples were medium dense, the initial pressure was p0
= 200 kPa and the strain amplitude was chosen as εampl

1 =
6× 10−4. This strain amplitude lies at the upper boundary
of the strain amplitudes usually measured in the drained
cyclic tests performed to calibrate the HCA model (Figure
1). It is approximately in the middle of the range of validity
εampl ≤ 10−3 of the HCA model. Results for smaller strain
amplitudes are reported in [41]. In good agreement with the
scheme in Figure 3c, the strain cycles lead to a relaxation
of both q and p until a state with zero effective stress is
reached, i.e. p = q = 0. Further strain cycles applied in the
liquefied state do not affect this asymptotic effective stress
(point attractor). This was observed independent of the
initial density, initial stress ratio η0, initial mean pressure
p0 and strain amplitude [41]. Effective stress paths from
strain-controlled undrained cyclic tests are rarely in the
literature. Similar data as those shown in Figure 8 have
been documented e.g. in [16, 18, 28].

5 Inspection of the stress attractor ZVADL by
means of tests with anisotropic consolidation
and stress cycles

In order to check the assumption of the ZVADL as
a stress attractor, tests with anisotropic consolidation
stresses (η0 6= 0) and stress cycles (cases ”2” to ”4” in
Figure 3a) are necessary. Several such tests have been per-
formed in the present study. The initial density, the consoli-
dation stress (p0 and η0) and the stress amplitude have been
varied. A typical test result for ID0 = 0.61, p0 = 300 kPa,
η0 = 0.5 and qampl = 90 kPa is shown in Figure 9 (test No.
9 in Table 1). After a certain number of cycles the accumu-
lated pore water pressure (i.e. the value at the end of each
cycle) reaches an asymptotic value (Figure 9a) and thus
the effective stress path stagnates (Figure 9b). Afterwards
it repeatedly passes through the same lens-shaped loop in
the p-q-plane. The rate of permanent axial strain accumu-
lation decreases with increasing number of cycles (Figure
9c). However, the strain accumulation continues even when
the stress relaxation has stopped. The amplitude of axial
strain remains almost constant throughout the test (Figure
9c).

In the tests of the present study the cyclic loading was
stopped when the accumulated pore water pressure obvi-
ously had become stable. At least 1,000 cycles were applied
to each sample, unless the failure criterion |ε1| = 10% was
fulfilled earlier. Since a few of these tests have been also
used to inspect the η0-dependence of the HCA model stiff-
ness [41], a single drained cycle with the same stress ampli-
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tude was applied prior to the undrained cyclic loading in all
tests. It is advantageous for the analysis of K (for details it
is referred to [41]). However, this drained cycle should not
affect the stress attractors reached after a sufficiently large
number of cycles under undrained conditions.

In the following the position of the final (also termed
asymptotic) effective stress loop in the p-q-plane, i.e. the
stress loop repeatedly passed through after the accumu-
lated pore water pressure has become stable, is analyzed in
comparison to the FL, PTL and ZVADL for various test
conditions. In contrast to the FL and the PTL, the inclina-
tion Me,ZV ADL = -0.88 of the ZVADL in the triaxial exten-
sion regime has not been determined experimentally, but
estimated using ϕcc = 31.1◦ calibrated from the drained
cyclic tests with triaxial compression.

5.1 Variation of stress amplitude qampl

Three series of tests have been conducted in order to study
the influence of stress amplitude. In the first series medium
dense samples were consolidated at p0 = 300 kPa, η0 =
0.5 and then subjected to an undrained cyclic loading with
stress amplitudes qampl = 60, 90 or 120 kPa, respectively
(test Nos. 8-10 in Table 1). Figure 10a reveals that an al-
most constant accumulated pore water pressure is reached
in all three tests after a certain number of cycles. The
asymptotic pore water pressure increases with increasing
stress amplitude. The accumulation of axial strain εacc1 con-
tinues even when uacc has become stable (Figure 10b). The
effective stress paths are given in Figure 11. The stress loop
during the last cycle is highlighted by black colour, while
the rest of the stress path is shown in gray. For orienta-
tion, the failure line (FL) and the phase transformation line
(PTL) with inclinations calculated from Eqs. (20) and (22)
for the density of the respective test have been added in
Figure 11, together with the ZVADL where zero volumet-
ric strain accumulation was observed in the drained cyclic
tests. The ZVADL in Figure 11 has been plotted with Mcc

= 1.25 derived from Figure 1. The asymptotic stress loops
for the three different amplitudes are also summarized in
Figure 10c. The FL and PTL in Figure 10c have been plot-
ted for an average density ID0 = 0.62 of the test series.
The asymptotic effective stress paths measured in the tests
with qampl = 90 and 120 kPa surpass the failure line (Fig-
ure 11 and Figure 10c) while the maximum stress of the
test with qampl = 60 kPa stays below. The hysteresis of the
asymptotic effective stress path increases with increasing

amplitude. The asymptotic average effective stress, i.e. the
effective stress at the beginning or end of the last cycle,
respectively, is marked by a black circle in Figure 11. It lies
near the PTL for the smallest tested amplitude (qampl =
60 kPa), close to the ZVADL for the middle one (qampl =
90 kPa) and between ZVADL and FL for the largest cycles
(qampl = 120 kPa), i.e. the larger the amplitude the lower
is the asymptotic pav value.

In a second series of tests on medium dense samples the
undrained cyclic loading was commenced at a lower pres-
sure p0 = 200 kPa and a higher stress ratio η0 = 0.75.
Amplitudes of qampl = 40, 50 and 60 kPa were applied
(test Nos. 11-13 in Table 1). The effective stress paths are
shown in Figure 12. The asymptotic effective stress paths
for all three amplitudes remain below the failure line (see
also the summary in Figure 13a). The lower the amplitude,
the larger is the distance between the maximum deviatoric
stress and the failure line. The average effective stress is
almost the same for the three tested amplitudes, lying be-
tween the PTL and the ZVADL.

Similar conclusions can be drawn from the third test se-
ries, where two medium dense samples were consolidated
at p0 = 150 kPa and η0 = 1.00. Stress amplitudes qampl

= 20 and 40 kPa were tested (test Nos. 14-15 in Table 1),
leading to the data provided in Figures 14 and 13b. Nearly
3000 cycles had to be applied in the test with qampl = 20
kPa in order to reach a stable value of the accumulated
pore water pressure. For the lower amplitude qampl = 20
kPa the maximum deviatoric stress during the asymptotic
stress loop lies significantly below the failure line (Figures
14 and 13b). Similar to the data in Figure 13a, the asymp-
totic average stress observed in the third test series on the
influence of amplitude was also located between the PTL
and the ZVADL.

5.2 Variation of relative density ID0

The influence of density on the asymptotic effective stress
path has been studied in two test series. In the first series
three samples with ID0 = 0.38, 0.63 and 0.86 were con-
solidated at p0 = 300 kPa, η0 = 0.50 and then subjected
to an undrained cyclic loading with a relatively large stress
amplitude qampl = 120 kPa, corresponding to an amplitude-
pressure-ratio of ζ = qampl/p0 = 0.4 (test Nos. 16, 10 and
17 in Table 1). The effective stress paths are shown in Fig-
ure 15 while the asymptotic stress loops are summarized in
Figure 13c. The results for the test No. 10 with ID0 = 0.63
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(Figure 15b) have been already shown in Figure 11c. They
are repeated here for comparison purpose. The diagrams in
Figure 15 reveal that the area enclosed by the asymptotic
stress loop increases with decreasing density while its in-
clination decreases. The stress path during the last cycle
measured for the loosest sample adapts to the failure line,
while the maximum deviatoric stress goes beyond the fail-
ure line in the case of the medium dense and dense sample.
The asymptotic average stress lies close to the FL in case of
the loose sample, slightly above the ZVADL for the medium
dense sample and between PTL and ZVADL for the dense
sand. Therefore, the asymptotic pav value increases with
increasing density.

In a second test series samples with initial densities of
ID0 = 0.40, 0.59 and 0.80 have been consolidated at p0
= 200 kPa and η0 = 0.75. The undrained cyclic loading
was applied with a stress amplitude of qampl = 60 kPa, i.e.
ζ = 0.3 (test Nos. 18, 13 and 19 in Table 1). The effective
stress paths are provided in Figure 16. The results for the
test with ID0 = 0.59 (Figure 16b) have been already shown
in Figure 12c. The stress loops passed through during the
last cycle are summarized in Figure 17a. With increasing
density, the asymptotic stress loop is shifted to the right in
the p-q-plane. In the test on the loose sample the effective
stress path during the last cycles slightly surpassed the fail-
ure line, while in case of the dense sample the maximum
deviatoric stress was far below the FL. The asymptotic av-
erage stresses lay near the ZVADL for ID0 = 0.40, between
ZVADL and PTL for ID0 = 0.59 and near the PTL for ID0

= 0.80. The tendency of increasing asymptotic pav with
increasing density agrees well with the first test series.

5.3 Variation of initial mean pressure p0
Four medium dense samples (0.53 ≤ ID0 ≤ 0.66) were con-
solidated at different pressures p0 = 50, 100, 200 and 300
kPa. The initial stress ratio η0 = 0.75 and the amplitude-
pressure-ratio ζ = 0.25 were the same in all tests (test Nos.
12 and 20-22 in Table 1). The effective stress paths mea-
sured in the tests with p0 = 50, 100 and 300 kPa are given
in Figure 18. The results of the test No. 12 with p0 = 200
kPa have been already provided in the Figure 12b. The ef-
fective stress paths during the last cycles of the four tests
are also collected in Figure 17b. In these tests the stress re-
laxation stopped when the maximum stress during a cycle
touched the failure line. The average effective stress during
the last cycles lies somewhere between the PTL and the
ZVADL in all four tests.

Two medium dense samples consolidated at the same
initial deviatoric stress q0 = 150 kPa but at different initial
mean pressures p0 = 200 or 300 kPa, respectively, can be
also compared. The stress amplitude qampl = 60 kPa was
the same in both tests (test Nos. 8 and 13 in Table 1). The
effective stress paths are given in Figure 11a and in Figure
12c. The asymptotic stress loops compared in Figure 17c
are nearly identical. Similar data for two other samples are
provided in Figure 19a. These samples were consolidated
at either p0 = 150 or 200 kPa, respectively, keeping q0 =
150 kPa and qampl = 40 kPa constant (test Nos. 11 and
15 in Table 1). The effective stress path of the test No. 11
with p0 = 200 kPa is given in Figure 12a, that of test No.
15 with p0 = 150 kPa is provided in Figure 14b. Looking
at the asymptotic stress loops in Figures 17c and 19a, for
a constant stress amplitude the consolidation pressure p0
seems to be of secondary importance.

5.4 Variation of initial stress ratio η0
The influence of initial stress ratio η0 can be judged by
five tests with samples consolidated at p0 = 200 kPa and
different stress ratios η0 = 0.25, 0.30, 0.5, 0.75 and 1.0 in
the triaxial compression regime. All samples were medium
dense and subjected to an undrained cyclic loading with
qampl = 60 kPa (test Nos. 13 and 23-26 in Table 1). The
effective stress paths for the tests Nos. 24-26 with η0 =
0.25, 0.30 and 0.5 are provided in Figure 20. The test No.
13 with η0 = 0.75 has been already shown in Figure 12c.
The asymptotic stress loops are collected in Figure 19b.
As obvious from Figure 20, the shape of the effective stress
path during the final stage of a test depends strongly on the
initial stress ratio and on whether the stress path enters the
extension regime or not. In case that qmin ≥ 0 lens-shaped
asymptotic stress loops are obtained which show a larger
hysteresis with decreasing initial stress ratio η0. In contrast,
in the test with η0 = 0.25, where the minimum deviatoric
stress lies below the p-axis, the effective stress path during
the last cycles shows a butterfly-like shape. It adapts to the
failure lines in the compression and extension regime of the
p-q-plane. While the maximum deviatoric stress during the
last cycles surpasses the FL in case of the tests with η0 =
0.3 and 0.5, it is located almost on the FL for η0 = 0.75
and 1.0. The effective stress at the end of the last cycle lies
near the FL in case of the tests with η0 = 0.25 and 0.30,
close to the ZVADL for η0 = 0.50 and between PTL and
ZVADL for the higher tested initial stress ratios.

The ε1-t diagrams in Figure 21a,b show that also the
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Fig. 15: Effective stress paths measured in undrained cyclic tests with anisotropic consolidation stresses and different initial relative

densities ID0 = 0.38, 0.63 and 0.86 (all tests: p0 = 300 kPa, η0 = 0.50, qampl = 120 kPa, test Nos. 16, 10 and 17 in Table 1)
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Fig. 18: Effective stress paths measured in undrained cyclic tests with anisotropic consolidation at different pressures p0 = 50, 200

and 300 kPa (all tests: η0 = 0.75, ζ = qampl/p0 = 0.25, 0.53 ≤ ID0 ≤ 0.66, test Nos. 20-22 in Table 1)
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Fig. 20: Effective stress paths measured in undrained cyclic tests with anisotropic consolidation stresses and different initial stress

ratios η0 = 0.50, 0.30 and 0.25 (all tests: p0 = 200 kPa, qampl = 60 kPa, 0.56 ≤ ID0 ≤ 0.66, test Nos. 24-26 in Table 1)

development of axial strain with time is totally different in
the tests Nos. 25 and 26 with only slightly different η0 val-
ues. In the test with η0 = 0.30 and qmin = 0 a pronounced
accumulation of axial strain is observed while the strain
amplitude remains relatively small (similar to Figure 9c).
In the case of the test with η0 = 0.25 and qmin < 0 the
strain amplitude significantly increases after initial lique-
faction, i.e. the curves ε1(t) are similar to the tests with
isotropic consolidation (η0 = 0, see Figure 6b).

A similar test series on medium dense samples has been
performed in the triaxial extension regime. All tests were
started at p0 = 200 kPa and either η0 = -0.25 or -0.5. Two
different stress amplitudes qampl = 40 and 60 kPa have been
applied (test Nos. 27-29 in Table 1). The test results are
shown in Figures 22 and 19c. The inclination of the average
effective stress paths is opposite to that observed in the
triaxial compression tests (compare Figures 20 and 22). In
the test with η0 = -0.25 and qampl = 60 kPa the maximum
deviatoric stress surpassed the isotropic axis, i.e. qmax >
0. In the final stage of this test the effective stress path
(Figure 22a) was butterfly-shaped, adapting to the failure
lines in the triaxial extension and compression regime of
the p-q-plane. In the two other tests with qmax < 0 the
asymptotic stress loop was lens-shaped. In both tests the
minimum deviatoric stress during the last cycles went below
the failure line. The asymptotic average stress lies on the
FL in case of the test with η0 = -0.25 and qampl = 40 kPa,
near the PTL for η0 = -0.25 and qampl = 60 kPa and close
to the ZVADL for η0 = -0.5 and qampl = 40 kPa. It should
be kept in mind, however, that the ZVADL in the triaxial

extension regime has not been determined experimentally
for the tested fine sand but estimated from the results of
the drained cyclic triaxial compression tests.

The curve ε1(t) of test No. 28, i.e. for q
max < 0 in Figure

21c shows a pronounced accumulation of extensional axial
strain. The development of axial strain with time in test No.
27 with qmax > 0 is similar to that measured in test No.
26 (Figure 21b), with the exception that the accumulation
of strain during the first cycles goes towards the extension
side.

5.5 Comparison with the literature

There is a general consensus in the literature that unsym-
metrical stress cycles (i.e. qav 6= 0 and qampl > |qav| in
triaxial tests, or τav 6= 0 and τampl > |τav| in torsional or
simple shear tests) lead to butterfly-shaped stress paths,
temporarily passing a zero effective stress state p = q = 0,
if the density is sufficiently large (i.e. at least medium
dense) [4, 9, 14, 15, 25, 34, 46, 50, 51]. This agrees well with
the data shown in Figures 20c and 22a.

For a cyclic loading with qmin = 0 (triaxial) or τmin = 0
(torsional or simple shear) the data in the literature are
somewhat ambiguous. When the accumulated pore water
pressure had become stable, some researchers found lens-
shaped stress paths adapting to the failure line, with p > 0
at q = qmin = 0 for various densities from loose to dense
[2,9,29,34]. Those observations are in accordance with the
results in Figure 20b. In other studies on loose to medium
dense samples p ≈ 0 was reached at q = qmin = 0 [4,25,46].
Hyodo et al. [14] found an influence of density, since p =
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Fig. 22: Effective stress paths measured in undrained cyclic tests with anisotropic consolidation stresses in the triaxial extension

regime (all tests: p0 = 200 kPa, qampl = 40 or 60 kPa, 0.61 ≤ ID0 ≤ 0.66, test Nos. 27-29 in Table 1)

0 was reached for a loose sample while the effective stress
path stopped at p > 0 in the case of dense sand. Recently,
Sze and Yang [32] observed a dependence on the specimen
preparation method: While p = 0 at q = 0 was reached for
air-pluviated samples, the stress relaxation stopped at p >
0 for samples prepared by moist tamping. In the present
study, however, an asymptotic effective stress loop with p >
0 at q = 0 was also measured for pluviated samples (Figure
20b). The data from some other test series in the literature
with qmin = 0 (e.g. [51]) do not allow to judge the loca-
tion of the asymptotic effective stress path with respect to
the FL, because the cyclic loading was stopped before an
asymptotic value of accumulated pore water pressure was
reached.

Lens-shaped asymptotic stress paths from cyclic tests
with qmin > 0 or τmin > 0 have been reported by several
researchers [2, 4, 14, 15, 25, 27, 30, 32, 34, 46]. Insofar, the ef-
fective stress paths presented in Figures 11, 12, 14, 15, 16,
18 and 20a agree well with the literature. In some tests
the effective stress path measured after the accumulated
pore water pressure had become stable went beyond the
FL known from monotonic tests [4, 14, 27, 30], while qmax

was found lying on or below the FL in some other stud-
ies [15,34,51]. No clear correlation between the location of
the asymptotic qmax with respect to the FL and parame-
ters like density, sample preparation technique, initial stress
and stress amplitude can be derived from those studies. In
torsional shear tests with a K0 consolidation of the sam-
ples and torsional cycles applied with τ av = 0, the effective
stress path of loose samples stopped at the PTL while that
of dense ones was bound by the FL [7]. In several publi-
cations [2, 25, 32, 46] no direct comparison of the effective

stress path with the FL or PTL has been undertaken. Fur-
thermore, the authors could not find any published effective
stress paths from tests with cycles completely lying in the
triaxial extension regime of the p-q-plane (similar to the
data in Figure 22b,c).

5.6 Summary of asymptotic stress loops

Figure 23 summarizes all measured asymptotic stress loops
in the p-q plane. The medium dense samples are marked
by the blue loops while the data for loose or dense sand is
distinguished by the red or green loops, respectively. Three
characteristic points of the asymptotic stress loop, namely
its initial point, maximum (triaxial compression) or mini-
mum (triaxial extension) point and center are collected in
Figure 24. With the exception of the loops for loose sand
and large amplitudes, the initial and the center points of a
test lie close to each other. The maxima (compression) or
minima (extension) of the stress loops (blue or cyan points)
scatter around the failure line (shown for ID0 = 0.6 in Fig-
ure 24). Most initial points (red points) lie close to the
ZVAD line derived from the drained cyclic tests.

As explained above, the HCA model predicts a stress
relaxation until the average stress reaches the ZVAD line.
Looking at Figure 24 this assumption seems approximately
justified, although the real material behaviour is more com-
plicated, showing an amplitude and void ratio dependence
of the stress attractors.

6 Summary and conclusions

The stress attractors predicted by the high-cycle accumu-
lation (HCA) model of Niemunis et al. [23] have been ex-
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amined based on the data from stress relaxation experi-
ments, i.e. undrained cyclic triaxial tests performed on a
fine sand. First, the data from an earlier test series [41]
with isotropic consolidation and stress cycles or anisotropic
consolidation and strain cycles, respectively, are recapit-
ulated. The experimentally observed stress relaxation to-
wards pav = qav = 0 full liquefaction is in good agreement
with the HCA model prediction.

The present paper concentrates on a new test series
with anisotropic consolidation and stress cycles performed
on the same fine sand. In these tests the initial density,
the initial stress (p0, η0) and the stress amplitude qampl

have been varied. The accumulated pore water pressure
became stable after a sufficiently large number of cycles
and the effective stress path repeatedly passed through the
same loop in the p-q plane. For stress paths completely
lying in either the triaxial compression (qmin > 0) or ex-
tension regime (qmax < 0) of the p-q plane, lens-shaped
asymptotic stress loops have been measured. The area en-
closed by these lenses increases with decreasing values of
density and initial stress ratio and with increasing stress
amplitude. In case of low densities or large stress ampli-
tudes, the maximum deviatoric stress during the final stress
loop surpassed the failure line (FL) known from undrained
monotonic tests. In contrast, for small stress amplitudes it
has been found significantly below the FL. If unsymmetri-
cal stress cycles were applied around the p-axis, i.e. with
qav 6= 0 and qampl > |qav|, the effective stress path during
the last cycles showed a butterfly-like shape.

The HCA model predicts a relaxation of the average
effective stress until a stress ratio ηav = qav/pav = M
(M = Mcc for triaxial compression, M = Mec for ex-
tension) is reached. Usually, M is calibrated from drained
cyclic triaxial tests with different average stress ratios. M
corresponds to the stress ratio with zero volumetric strain
accumulation. It is similar to the critical stress ratio derived
from monotonic shear tests. The corresponding line in the
p-q-plane inclined by M is denoted as ZVADL (zero volu-
metric accumulation drained) herein. The asymptotic aver-
age stress ratios observed in the present tests after the ac-
cumulated pore water pressure had become stable, lie close
to the ZVADL. Insofar, the stress attractors incorporated
into the HCA model could be approximately confirmed by
the present test series.
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