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Abstract: Correlations between ”dynamic” (small-strain) and ”static” (large-strain) stiffness moduli for sand are exam-
ined. Such correlations are often used for a simplified estimation of the dynamic stiffness based on static test data. The
small-strain shear modulus Gdyn = Gmax and the small-strain constrained modulus Mdyn = Mmax have been measured in
resonant column (RC) tests with additional P-wave measurements. Oedometric compression tests were performed in order
to determine the large-strain constrained modulus Mstat = Moedo, while the large-strain Young’s modulus Estat = E50

was obtained from the initial stage of the stress-strain-curves measured in drained monotonic triaxial tests, evaluated as a
secant stiffness between deviatoric stress q = 0 and q = qmax/2. Experimental data for 19 sands or gravels with specially
mixed grain size distribution curves, having different non-plastic fines contents, mean grain sizes and uniformity coefficients,
were analyzed. Based on the present data, it is demonstrated that a correlation between Mmax and Moedo proposed in
the literature underestimates the dynamic stiffness of coarse and well-graded granular materials. Consequently, modified
correlation diagrams for the relationship Mmax ↔ Moedo are proposed in the present paper. Furthermore, correlations
between Gmax and Moedo or E50, respectively, have been also investigated. They enable a direct estimation of dynamic
shear modulus based on static test data. In contrast to the correlation diagram currently in use, the range of applicability
of the new correlations proposed in this paper is clearly defined.

Keywords: Dynamic (small-strain) stiffness; Static (large-strain) stiffness; Correlations; Resonant column tests; P-wave
measurements; Oedometric compression tests; Triaxial tests

1 Introduction
It is well known that soil stiffness decreases with increas-
ing magnitude of strain [1, 7, 8, 10, 14, 15, 20–22, 24–29,
33–35, 37, 38, 43, 48, 49]. In many practical problems deal-
ing with dynamic or cyclic loading (except soil liquefac-
tion problems [18, 19, 23, 36]) the strain amplitudes gen-
erated in the soil are relatively small. Furthermore, dy-
namic measurement techniques like resonant column (RC)
tests or wave propagation measurements are frequently ap-
plied to determine the small-strain stiffness in the labora-
tory [3,5–7,11,12,16,28,34,35,47]. Therefore, the stiffness at
small strains is often also denoted as ”dynamic” stiffness.
For the stiffness moduli applied in deformation (e.g. set-
tlement) analysis of foundations, usually oedometric com-
pression or triaxial tests with monotonic loading are con-
ducted. The stiffness moduli resulting from these ”static”
tests have been found significantly lower than the dynamic
stiffness. Initially, this has been attributed to the different
loading rates applied in the static and dynamic tests. How-
ever, it has been recognized soon that the material response
of sand is approximately rate-independent and that those
differences are due to the different strain levels.
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For the design of foundations subjected to dynamic load-
ing, the small-strain shear modulus Gmax of the subsoil is
a key parameter. For final design calculations in large or
important projects it will be usually determined from dy-
namic measurements in situ, e.g. surface or borehole mea-
surements of the wave velocities. However, for feasibility
studies, preliminary design calculations or final design cal-
culations in small projects the small-strain shear modulus
is often estimated from empirical formulas, tables or corre-
lations with static stiffness values.

For design engineers in practice it is attractive to esti-
mate the dynamic stiffness based on static stiffness data,
because static tests are less elaborate than dynamic ones.
While the dynamic experiments are conducted by special-
ized laboratories only, even small soil mechanics laborato-
ries are usually equipped with devices for oedometric test-
ing. Furthermore, for many locations experienced data for
the static stiffness moduli are available. Without any fur-
ther testing these data can be used to estimate the dynamic
stiffness.

A diagram providing a correlation between static and
dynamic stiffness moduli is incorporated e.g. in the ”Rec-
ommendations of the working committee Soil Dynamics” of
the German Geotechnical Society (DGGT) [9]. It is shown
in Figure 1 (area marked by the dark gray colour). The
diagram is entered with the large-strain constrained mod-
ulus Mstat = Moedo (stiffness on the primary compression
line obtained from oedometric compression tests) on the ab-
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scissa and delivers the ratio between small-strain and large-
strain constrained moduli Mdyn/Mstat = Mmax/Moedo on
the ordinate. The small-strain shear modulus Gdyn =
Gmax = Mmax(1 − ν − 2ν2)/[2(1 − ν)2] can be obtained
with an assumption regarding Poisson’s ratio ν. Note, that
the indices ⊔dyn and ⊔max are equivalent, i.e. both denote
the small-strain stiffness. The DGGT diagram is based on
the correlation between static and dynamic Young’s moduli
proposed by Alpan [2]. This original correlation is also pre-
sented in Figure 1 (black solid curve). Benz & Vermeer [4]
have proposed another correlation between static and dy-
namic constrained moduli (see the area marked by the light
gray colour in Figure 1). It is also based on Alpan [2], but
in comparison to [9] different assumptions were used when
converting the E data into a diagram in terms of M . How-
ever, the experimental basis and the range of applicability
of all correlations shown in Figure 1 is not clear [4, 45,46].
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Fig. 1: Correlation between Mdyn and Mstat according to the
”Recommendations of the working committee Soil Dynamics”
of the German Geotechnical Society (DGGT) [9] versus correla-
tion proposed by Benz & Vermeer [4]. The original relationship
between Edyn and Estat according to Alpan [2] is also shown.

A first inspection of the correlations in Figure 1 for four
sands with different grain size distribution curves has been
presented in [44, 46]. It has been found that the dynamic
stiffness of a coarse and a well-graded granular material
was significantly underestimated by the range of the DGGT
correlation. In consideration of the fact that this correlation
is frequently used in practice (at least in Germany), it has
been decided to undertake a closer inspection, based on
experimental data collected for a wider range of grain size
distribution curves. The present paper reports on that new
study.

2 Tested materials
The grain size distribution curves of the specially mixed
sands or gravels tested in the present study are shown in
Figure 2. These are the same mixtures that have been al-
ready investigated in [39–43]. The raw material is a nat-
ural fluvially deposited quartz sand obtained from a sand
pit near Dorsten, Germany, which has been decomposed
into 25 gradations with grain sizes between 0.063 mm and
16 mm. The grains have a subangular shape and the grain
density is ϱs = 2.65 g/cm3. The sands or gravels L1 to L8

(Figure 2a) have the same uniformity coefficient Cu = 1.5
but different mean grain sizes in the range 0.1 mm ≤ d50 ≤
6 mm. The materials L4 and L10 to L16 (Figure 2b) have
the same mean grain size d50 = 0.6 mm but different uni-
formity coefficients 1.5 ≤ Cu ≤ 8. The inclination of the
grain size distribution curve of the fine sands F2 and F4 to
F6 (Figure 2a) is similar to that of L1 (Cu = 1.5) but these
sands contain between 4.4 and 19.6 % silty fines (quartz
powder). The sands F1 and F3 have not been tested in
the present study but the numbering of the sands chosen
in [39] has been maintained herein. The index properties of
all tested materials are summarized in Table 1.
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Fig. 2: Tested grain size distribution curves

3 Small-strain stiffness from RC tests with addi-
tional P-wave measurements

The small-strain stiffness moduli Gmax and Mmax were ob-
tained from resonant column tests with additional P-wave
measurements, using piezoelectric elements integrated into
the end plates of the RC device. The test device, the test-
ing procedure and the test results are documented in detail
in [39, 41–43]. The strain level associated with these mea-
surements is about 10−6. For each sand, several samples
(diameter d = 100 mm, height h = 200 mm) with different
initial relative densities Dr0 = (emax − e0)/(emax − emin)
were prepared by dry air pluviation and tested in the dry
condition at various pressures. Figure 3 shows exemplary
data Gmax(e, p) and Mmax(e, p) for sand L12. Similar dia-
grams for the other tested sands can be found in [41, 42].
The increase of Gmax and Mmax with decreasing void ratio
e and increasing mean pressure p is evident in Figure 3.
In case of the coarsest tested material L8, Gmax(e, p) data
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Mat. FC d50 Cu emin emax

[%] [mm] [-] [-] [-]

L1 0 0.1 1.5 0.634 1.127
L2 0 0.2 1.5 0.596 0.994
L3 0 0.35 1.5 0.591 0.931
L4 0 0.6 1.5 0.571 0.891
L5 0 1.1 1.5 0.580 0.879
L6 0 2.0 1.5 0.591 0.877
L7 0 3.5 1.5 0.626 0.817
L8 0 6.0 1.5 0.634 0.799

L10 0 0.6 2 0.541 0.864
L11 0 0.6 2.5 0.495 0.856
L12 0 0.6 3 0.474 0.829
L13 0 0.6 4 0.414 0.791
L14 0 0.6 5 0.394 0.749
L15 0 0.6 6 0.387 0.719
L16 0 0.6 8 0.356 0.673

F2 4.4 0.092 1.5 0.734 1.107
F4 11.3 0.086 1.9 0.726 1.117
F5 14.0 0.084 2.6 0.723 1.174
F6 19.6 0.082 3.3 0.746 1.091

Table 1: Index properties (non-plastic fines content FC, mean
grain size d50, uniformity coefficient Cu = d60/d10, minimum
and maximum void ratios emin, emax) of the tested granular
materials.

are available, but P-wave measurements were not success-
ful [42], i.e. no Mmax(e, p) data exist.

For each granular material, the data of the small-strain
shear modulus Gmax(e, p) and the small-strain constrained
modulus Mmax(e, p) have been approximated by the follow-
ing equations going back to [13,16]:

Gmax = AGd
(aGd − e)2

1 + e

(
p

patm

)nGd

patm (1)

Mmax = AMd
(aMd − e)2

1 + e

(
p

patm

)nMd

patm (2)

with atmospheric pressure patm = 100 kPa. The optimum
parameters AGd, aGd and nGd of Eq. (1) as well as AMd,
aMd and nMd of Eq. (2) are collected in columns 2 - 7 of
Table 2. The notation of these parameters (and similar ones
in the following) has been chosen in such way that the first
index (G, M, E) denotes the type of stiffness and the second
one (d, s) stands for dynamic or static. The solid curves in
Figure 3 represent the best fits of Eqs. (1) or (2) to the
data of each individual pressure, while the dashed curves
are generated using Eqs. (1) or (2) with the parameters
given in columns 2 - 7 of Table 2.

In the RC tests, for constant values of void ratio and
pressure, Gmax and Mmax were found to be rather inde-
pendent of the mean grain size d50 of the test material (see
Gmax data in Figure 4a,b). The only exception is the coars-
est tested material L8, where the slightly lower Gmax values
were presumably caused by an insufficient interlocking be-
tween the grains and the end plates of the RC device [41].
In contrast to the d50 independence, both small-strain stiff-
ness values were significantly reduced when the uniformity
coefficient Cu and the content of non-plastic fines FC in-
creased (Figure 4c-f). A micromechanical explanation of
the observed trends of Gmax and Mmax with Cu and FC
based on contact stiffness [17,30] and force transition chains
in monodisperse and polydisperse materials [31, 32] is pro-
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Fig. 3: a) Small strain shear modulus Gmax(e, p) and b) small-
strain constrained modulus Mmax(e, p)measured in the RC tests
with additional P-wave measurements on sand L12 (solid curves
= best fit of Eqs. (1) or (2) to the data of the individual pres-
sure steps, dashed curves = prediction of Eqs. (1) or (2) with
parameters in columns 2 - 7 of Table 2)

vided in [39,41]. In [39,41,42] correlations of the parameters
of Eqs. (1) or (2) with the granulometry have been pro-
posed. They can be used for an estimation of small-strain
stiffness considering the grain size distribution curve. The
estimation via static stiffness values described in this paper
is an alternative.

4 Large-strain constrained modulus Moedo from
oedometric compression tests

All sands were tested in oedometric compression tests. The
samples were prepared by air pluviation and tested in the
dry condition. Different sample dimensions were used:

• Geometry I: diameter d = 100 mm, height h = 18 mm,
d/h = 5.6 (used for tests on sands L1 - L3)

• Geometry II: d = 150 mm, h = 30 mm, d/h = 5.0
(used for L1 - L6, L10 - L16, F2, F4 - F6)

• Geometry III: d = 280 mm, h = 80 mm, d/h = 3.8
(used for L2 - L8, L10 - L16)

Most clean sands (L1 - L6, L10 - L16) were tested with
two or three different specimen dimensions for comparison
purpose. In the case of the largest tested geometry III two
tests with loose and two other tests with dense specimens
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have been performed. In the tests with both smaller sam-
ple geometries I and II several samples with various initial
densities between loose and dense were tested. Owed to dif-
ferent loading devices the maximum axial stress was σmax

1 ≈
900 kPa in the case of geometry I, 400 kPa for II and 800
kPa for III.

In each oedometric compression test the axial load has
been increased to the maximum vertical stress σmax

1 , fol-
lowed by an unloading to σ1 = 0 and a final reloading to
σmax
1 . Typical curves of void ratio or axial strain versus ax-

ial stress from tests with geometry III are given in Figure
5. The constrained modulus Moedo has been derived from
the compression curve measured during the first loading to

σmax
1 . The un- and reloading curves are not further used in

this paper. Moedo is calculated with the increments of axial
stress ∆σ1 and void ratio ∆e and with the void ratio e0 at
the beginning of a load step:

Moedo =
∆σ1

∆ε1
=

∆σ1

∆e
(1 + e0) (3)

Alternatively, it can be obtained from Moedo = [ln(10)(1 +
e0)σ1]/Cc with Cc being the actual inclination of the com-
pression curve in a e-log σ1 diagram at the actual axial
stress σ1. The stiffness Moedo has been evaluated for the
same values of mean pressure p = (σ1 + 2σ3)/3 that have
been used in the RC tests (p = 50, 75, 100, 150, 200 and
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1 2 3 4 5 6 7 8 9 10 11 12 13 14
Mat. Gmax, Eq. (1) Mmax, Eq. (2) Moedo, Eqs. (4) + (5) E50, Eq. (6)

AGd aGd nGd AMd aMd nMd AMs a1,Ms a2,Ms nMs AEs aEs nEs

L1 636 2.34 0.44 547 3.73 0.38 2860 1.37 0.000 0.66 – – –
L2 1521 1.79 0.43 3657 1.98 0.37 2320 1.45 0.035 0.59 7500 0.95 0.70
L3 1620 1.77 0.42 3172 2.11 0.35 660 1.90 0.045 0.59 4500 0.95 0.70
L4 2023 1.67 0.41 5804 1.76 0.34 640 1.98 0.080 0.76 5400 0.91 1.00
L5 1570 1.77 0.43 3319 2.05 0.37 1150 1.80 0.100 0.84 4200 0.94 0.88
L6 1035 2.04 0.43 3151 2.10 0.40 300 2.63 0.160 0.81 1000 1.20 0.90
L7 852 2.13 0.45 620 3.80 0.41 850 1.90 0.105 0.80 – – –
L8 734 2.16 0.45 – – – 350 2.62 0.160 0.75 – – –

L10 1207 1.85 0.46 2679 2.20 0.36 1270 1.65 0.075 0.72 – – –
L11 2240 1.47 0.48 3280 2.04 0.37 600 1.99 0.100 0.76 – – –
L12 2489 1.39 0.50 5512 1.69 0.37 750 1.88 0.110 0.85 5600 0.78 1.00
L13 2969 1.27 0.51 9363 1.40 0.38 730 1.84 0.135 1.06 – – –
L14 2771 1.26 0.54 4789 1.72 0.40 470 1.98 0.100 0.86 8000 0.69 0.70
L15 4489 1.08 0.53 10366 1.30 0.40 700 1.76 0.090 0.82 – – –
L16 2388 1.27 0.54 17286 1.08 0.42 880 1.54 0.065 0.79 5200 0.68 0.57

F2 571 2.19 0.51 14.7 16.3 0.44 3138 1.32 0.000 0.69 – – –
F4 81.6 3.83 0.58 127.7 5.58 0.48 2206 1.32 0.000 0.69 1600 1.13 0.95
F5 71.5 4.09 0.57 170.4 4.97 0.48 1717 1.32 0.000 0.72 – – –
F6 17.9 7.19 0.57 132.2 5.39 0.49 2253 1.29 0.000 0.70 2270 1.06 0.84

Table 2: Parameters of Eqs. (1), (2), (4), (5) and (6) for all tested materials

300 kPa). Since the lateral stress could not be measured
in the oedometric compression tests, it has been estimated
from σ3 = K0σ1 with K0 = 1 − sinφP . The peak friction
angle φP has been obtained from the drained monotonic
triaxial tests (Section 5). Due to the limitations in σmax

1 , a
mean pressure of p = 400 kPa that was applied in the RC
tests was not reached in the oedometric compression tests.
For d = 100 and 280 mm, the attainable pressure was re-
stricted to p = 300 kPa, while it was p = 200 kPa or even
only 150 kPa for d = 150 mm (depending on density via
φP (Dr)). The axial strains corresponding to the evaluated
Moedo values ranged from ε1 = 0.24 % for the dense sample
of L8 at p = 50 kPa to ε1 = 5.6 % for the loose sample of
F5 at p = 150 kPa (compare also data for L3 in Figure 5b).
Therefore, the strains in the oedometric compression tests
are about 2,000 to 50,000 times larger than those in the
measurements of the small-strain stiffness.

The smallest tested sample geometry (d = 100 mm, h =
18 mm) was found inappropriate since even for fine sands it
delivered significantly lower Moedo values than both other
sample dimensions (d = 150 mm, h = 30 mm and d = 280
mm, h = 80 mm, see data for L1 and L2 in Figure 6a,b). For
uniform fine to medium coarse sands (d50 ≤ 2 mm, Cu ≤
2.5) oedometric compression tests with d = 150 mm, h = 30
mm seem to deliver acceptable results since similar stiffness
values as for d = 280 mm, h = 80 mm were obtained (see
data for L2 and L11 in Figure 6b,d). For coarse and well-
graded granular materials the largest sample geometry was
necessary to collect reliable Moedo data, since the stiffness
values for d = 150 mm, h = 30 mm were found lower than
for d = 280 mm, h = 80 mm (see data for L5, L13 and L15
in Figure 6c,e,f).

The weaker response of the smaller samples probably re-
sults from a loosened layer at the top originating from the
sample preparation process. The alignment of the upper
layer of grains to the load piston during the initial phase of
loading may also have contributed to the weaker response.
Both influences are larger in case of the samples with lower
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Fig. 6: Comparison of Moedo(e) data for p = 150 kPa obtained from oedometric compression tests with different sample geometries
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Fig. 7: Moedo(e, p) data for selected sands, obtained from the oedometric compression tests with the largest tested sample geometry.
The black solid curves have been generated using Eqs. (4) and (5) with the parameters given in columns 8 - 11 of Table 2.

height and become more pronounced if the grain size in-
creases. In contrast, side friction effects seem to be of mi-
nor importance. All three tested sample dimensions are in
accordance with German standard code DIN 18135 for oe-
dometric testing (d/h ≥ 3). The ratio of the contact area
between the soil and the side wall Awall and the area of
the sample cross section Asample increases with increasing
sample size. It is Awall/Asample = 0.72 for d = 100 mm,
0.80 for d = 150 mm and 1.14 for d = 280 mm. There-
fore, the side friction effects will slightly increase with the
sample size. The influence on the test data seems, how-
ever, to be relatively small since for finer sands (e.g. L2

and L11 in Figure 6) quite similar stiffness values were ob-
tained from the tests with d = 150 mm and d = 280 mm.
Furthermore, if side friction effects were the main reason
for the observed geometry influence, then the differences in
the stiffness moduli obtained for the different sample ge-
ometries should be almost the same for all sands, i.e. the
geometry effects should not depend on grain size distribu-
tion curve. This is contrasted by the current experimental
results.

For the analysis of the correlations with small-strain stiff-
ness values in Section 6, theMoedo data of the largest tested
geometry were selected for each sand, i.e. geometry II for
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Fig. 8: Comparison of constrained modulus Moedo(e) for sands with different values of a-c) mean grain size d50, d-f) uniformity
coefficient Cu and g-h) fines content FC. Data for three different pressures are provided. Data for p = 300 kPa are not available for
the sands L1, F2 and F4 - F6 tested with sample dimensions d = 150 mm, h = 30 mm.

sands L1, F2 and F4 - F6 and geometry III for all other ma-
terials. Figure 7 presents these Moedo(e, p) data for selected
sands.

TheMoedo(e, p) data of each granular material have been
fitted by a slightly modified Eq. (2):

Moedo = AMs
(aMs − e)2

1 + e

(
p

patm

)nMs

patm (4)

with a parameter aMs of the void ratio function depending
linearly on pressure according to

aMs = a1,Ms − a2,Ms

(
p

patm

)
(5)

introducing two new material constants a1,Ms and a2,Ms.
Since the inclination of the curvesMoedo(e), i.e. the void ra-
tio dependence of stiffness changes more significantly with
pressure than in case of the Gmax(e) or Mmax(e) data de-
rived from the RC tests, it was necessary to make the pa-
rameter aMs of Eq. (4) pressure-dependent. The optimum

parameters AMs, a1,Ms, a2,Ms and nMs for all tested ma-
terials are summarized in columns 8 - 11 of Table 2. The
prediction of Eq. (4) with these parameters is shown as
black solid curves in Figure 7. A value of a2,Ms = 0 was
usually sufficient for the data from the tests with d = 150
mm, i.e. the original Hardin’s equation with a constant pa-
rameter a in the void ratio function was retrieved.

In Figure 8 the influence of the grain size distribution
curve on the Moedo values is inspected for three different
pressures p = 50, 150 and 300 kPa (data for L1, F2 and F4 -
F6 are only available at p = 50 and 150 kPa). For constant
values of void ratio and pressure, there is no clear tendency
concerning the effect of mean grain size d50 on Moedo (Fig-
ure 8a-c). The only exception are the fine sands L1 and L2
which show a somewhat larger stiffness at low void ratios.
Generally, the inclination of the Moedo(e) curves increases
with decreasing mean grain size. Despite some scatter of
the data, a significant reduction of Moedo with increasing
values of uniformity coefficient Cu and fines content FC
can be concluded from Figure 8d-h. This is in accordance
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with the tendencies measured for the small-strain stiffness
moduli Gmax and Mmax in the RC tests (Figure 4c-f).

5 Large-strain Young’s modulus E50 from drained
monotonic triaxial tests

Young’s modulus E50 is obtained from the initial stage of
the stress-strain curve measured in drained monotonic tri-
axial tests. It is evaluated as a secant stiffness for the in-
terval between deviatoric stress q = 0 and q = qmax/2.
For all tested materials several drained monotonic triaxial
tests with a variation of initial relative density were per-
formed. The effective lateral stress was σ′

3 = 100 kPa in
all these tests. All samples (d = 100 mm, h = 100 mm)
were prepared by air pluviation and afterwards saturated
with de-aired water. Based on the data of these tests the
density-dependent peak friction angle φP (Dr) used in order
to estimate the lateral stress in the oedometric compres-
sion tests (see Section 4) has been evaluated. In additional
tests on medium dense samples, ten sands (L2 - L6, L12,
L14, L16, F4, F6) were also sheared under higher confining
stresses σ′

3 = 200 and 400 kPa. Since tests with different
confining stresses are necessary to quantify the pressure-
dependence of stiffness, only these ten sands are analyzed
in the following with respect to E50(e, p). Figure 9 shows
typical curves of deviatoric stress q versus axial strain ε1
measured in two tests with different initial relative densities
(Dr0 = 0.51 or 0.87) performed on sand L4. The determi-
nation of Young’s modulus E50 = ∆σ1/∆ε1 = ∆q/∆ε1
from the initial part of the stress-strain curve is also illus-
trated in Figure 9. The axial strains corresponding to the
evaluated E50 values ranged from ε1 = 0.5 % for the dense
sample of L4 at σ′

3 = 100 kPa to ε1 = 2.3 % for the loose
sample of L1 at σ′

3 = 100 kPa, being about 5,000 to 20,000
times larger than those corresponding to the small-strain
stiffness.
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Fig. 9: Determination of Young’s modulus E50 from the initial
part of the stress-strain curve q(ε1) measured in drained mono-
tonic triaxial tests on sand L4

In Figure 10 the E50 data gathered from the triaxial tests
are given as a function of void ratio e50 or mean pressure
p50, respectively. These two quantities are mean values for
the piece of the stress-strain curve between q = 0 and q =
qmax/2 which has been analyzed with respect to E50. For

each sand the E50(e50, p50) data have been fitted by

E50 = AEs
(aEs − e50)

2

1 + e50

(
p50
patm

)nEs

patm (6)

resulting in the parameters AEs, aEs and nEs summarized
in columns 12 to 14 of Table 2. The solid curves in Figure 10
represent the prediction of Eq. (6) with these parameters.
In the E50-e50 diagrams in the upper row of Figure 10, for
each sand a mean value of pressure p50 from all tests with
σ′
3 = 100 kPa has been used for generating these curves,

while Eq. (6) was applied with a mean value of void ratio
e50 in the three tests with different confining stresses in
order to plot the lines in the E50-p50 diagrams in the lower
row of Figure 10.

In the diagrams of Figure 10a,d no clear correlation be-
tween E50 and mean grain size can be found. For constant
values of pressure and void ratio, however, the finest tested
sand L2 shows somewhat larger stiffness values than the
other uniform materials. In contrast, a significant decrease
of Young’s modulus with increasing uniformity coefficient
for e50 = constant is evident in Figure 10b. It is due to the
fact that the void ratios are generally lower at higher Cu.
Two samples having the same e50 may thus be either in the
loose or dense state for either high or low Cu values. For ex-
ample, e50 = 0.5 means a high density for Cu = 3.0 (L12)
but a low one for Cu = 8.0 (L16). Consequently a much
larger Young’s modulus is observed for L12 than for L16
at that void ratio. Furthermore, the pressure-dependence
of E50 gets lower with increasing Cu (Figure 10e), result-
ing in a decrease of the nEs parameter of Eq. (6) with Cu.
This is in contrast to the small-strain stiffness, where the
pressure-dependence gets more pronounced with increas-
ing uniformity coefficient [41, 42]. The Young’s moduli of
the two silty sands F4 and F6 are similar (Figures 10c,f)
and of the same magnitude as the E50 values of the uni-
form clean sands L2 to L6 (compare Figures 10a and 10c).
Therefore, in contrast to the decrease of the small-strain
stiffness with FC (Figure 3e,f), the influence of fines con-
tent on Young’s modulus E50 was found negligible.

6 Correlations between ”dynamic” and ”static”
stiffness

6.1 Correlation between Mmax and Moedo

For each sand the small-strain (dynamic) constrained mod-
ulus Mmax was calculated from Eq. (2) using the parame-
ters in columns 5 to 7 of Table 2. The large-strain (static)
constrained modulus Moedo was obtained from Eqs. (4) and
(5) with the constants given in columns 8 to 11 of Table 2.
Both stiffness values were evaluated for three different pres-
sures p = 50, 150 and 300 kPa and for the range of relative
densities Dr,min ≤ Dr ≤ Dr,max that was covered by both
the RC and the oedometric compression tests on the given
material (see common range in Table 3). The data have
been analyzed in steps of ∆Dr = (Dr,max − Dr,min)/10.
Afterwards the ratio Mmax/Moedo of dynamic and static
moduli was plotted versus the static values Moedo.

Such data for all tested materials are given in Figure
11a. The remaining three diagrams in Figure 11b-d show
the same data but distinguished with respect to the grain
size distribution curve. Figure 11b pertains to clean and
silty fine sands (materials L1, L2 and F2 to F6 with d50 ≤
0.2 mm and 0 ≤ FC ≤ 20 %), Figure 11c to poorly graded
medium coarse sands to fine gravels (materials L3 to L7 and
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Fig. 10: Young’s modulus E50 derived from the drained monotonic triaxial tests as a function of void ratio e50 (upper row, for σ′
3

= 100 kPa) and mean pressure p50 (lower row, for medium density). The solid curves have been generated with Eq. (6) and the
constants in columns 12 to 14 of Table 2.

Correlations Mmax/Moedo-Moedo and Gmax/Moedo-Moedo Correlation Gmax/E50-E50

Mat. RC tests Oedometric tests Common range Triaxial tests Common range
Dr,min Dr,max Dr,min Dr,max Dr,min Dr,max Dr,min Dr,max Dr,min Dr,max

L1 0.42 0.78 0.26 0.89 0.42 0.78 - - - -
L2 0.42 0.94 0.08 0.87 0.42 0.87 0.49 0.86 0.49 0.86
L3 0.39 0.98 0.07 0.95 0.39 0.95 0.49 0.93 0.49 0.93
L4 0.53 0.94 0.06 0.90 0.53 0.90 0.51 0.87 0.53 0.87
L5 0.44 1.03 0.02 0.91 0.44 0.91 0.56 0.91 0.56 0.91
L6 0.57 0.95 0.07 0.90 0.57 0.90 0.57 0.95 0.57 0.95
L7 0.43 0.99 0.02 0.96 0.43 0.96 - - - -
L8 0.25 1.10 0.08 0.93 0.25 0.93 - - - -

L10 0.41 1.01 0.00 0.94 0.41 0.94 - - - -
L11 0.43 0.93 0.01 0.90 0.43 0.90 - - - -
L12 0.42 0.93 -0.05 0.89 0.42 0.89 0.55 0.89 0.55 0.89
L13 0.44 0.87 -0.07 0.86 0.44 0.86 - - - -
L14 0.43 0.84 -0.06 0.85 0.43 0.84 0.56 0.84 0.56 0.84
L15 0.51 0.86 -0.08 0.86 0.51 0.86 - - - -
L16 0.48 0.87 -0.03 0.84 0.48 0.84 0.51 0.83 0.51 0.83

F2 0.54 0.92 0.40 1.11 0.54 0.92 - - - -
F4 0.54 0.90 0.51 1.06 0.54 0.90 0.59 0.89 0.59 0.89
F5 0.68 0.95 0.53 1.00 0.68 0.95 - - - -
F6 0.63 0.92 0.43 1.16 0.63 0.92 0.71 1.00 0.71 0.92

Table 3: Range of relative densities Dr,min ≤ Dr ≤ Dr,max tested in the RC, oedometric compression or drained monotonic triaxial
tests and common ranges for the analysis of the various correlations
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L10 with 0.35 mm ≤ d50 ≤ 3.5 mm and 1.5 ≤ Cu ≤ 2.0)
and Figure 11d to more well-graded clean sands (materials
L11 to L16 with d50 = 0.6 mm and 2.5 ≤ Cu ≤ 8). Note
that no data for L8 are provided in Figure 11 because no
Mmax(e, p) data are available for that material.

The relationships between Mmax/Moedo and Moedo

shown in Figure 11 depend on pressure. Higher pressures
mean larger static stiffness values Moedo and lower stiffness
ratios Mmax/Moedo, which agrees well with the tendency
of the correlations provided in Figure 1. The influence of
density on the curves in the Mmax/Moedo-Moedo diagrams,
however, depends on the grain size distribution curve. For
constant values of pressure, a higher density of course cor-
responds to larger Moedo values. The ratio Mmax/Moedo,
however, may either increase or decrease with increasing
Dr. A reduction of Mmax/Moedo with increasing Moedo (i.e.
increasing density) was found for most of the uniform sands
and gravels with or without fines, which again is in ac-
cordance with the trend of the correlations from the lit-
erature (Figure 1). The opposite tendency, however, was
observed for the more well-graded granular materials. The
different inclinations of the Mmax/Moedo-Moedo curves are
connected with the a parameters in Eqs. (2) and (4), de-
scribing the void ratio dependence of the small-strain or
large-strain stiffness, respectively. While a1,Ms for Moedo is
only slightly affected by the grain size distribution curve
(see Table 2, somewhat lower a1,Ms values were observed
for the finer sands, while a1,Ms is rather independent of
Cu), the variation of aMd for Mmax with granulometry is
much more pronounced. The parameter aMd decreases with
Cu and strongly grows with the fines content (Table 2). A
larger aMd value means a less pronounced void ratio de-
pendence of the small-strain stiffness. Keeping a1,Ms con-
stant, low values of aMd lead to a positive inclination of
the Mmax/Moedo-Moedo curves (as in case of the more well-
graded sands in Figure 11d) while the opposite tendency is
obtained for high aMd values (see the data for the silty and
clean fine sands in Figure 11b).

The ranges of the correlations shown in Figure 1 have
been also added in the diagrams of Figure 11. While the
correlation recommended by DGGT [9] fits well for clean
and silty fine sands (Figure 11b), it underestimates the dy-
namic stiffness of coarse (Figure 11c) and well-graded (Fig-
ure 11d) granular materials. Therefore, the conclusions of
the earlier investigation documented in [44, 46] were con-
firmed. The range of the correlation proposed by Benz &
Vermeer [4] encompasses the data for the coarse and well-
graded granular materials (Figure 11c,d), but most of the
data for clean and silty fine sands fall below that range
(Figure 11b). It can be concluded that none of the correla-
tions proposed in the literature covers the whole range of
Mmax/Moedo - Moedo data collected in the present study
for the various tested grain size distribution curves.

The correlations derived from the data of the present
study have been summarized in Figure 11e. For simplic-
ity reasons, the ranges for clean sands from Figures 11c
and Figure 11d have been summarized because they were
almost congruent. Therefore, the diagram provides a cor-
relation for clean and silty uniform fine sands (d50 ≤ 0.2
mm, 0 % ≤ FC ≤ 20 %) and another one for coarser and
more well-graded clean sands (0.35 ≤ d50 ≤ 3.5 mm and 2.5
≤ Cu ≤ 8). These correlations are recommended for a more
reliable estimation of Mmax/Moedo in practice, considering

the grain size distribution curve of a given granular mate-
rial. In contrast to the relationships collected in Figure 1,
the range of applicability (mean pressures 50 kPa ≤ p ≤
300 kPa, relative densities about 0.4 ≤ Dr ≤ 0.9) of the
new correlations shown in Figure 11e is clearly defined.

6.2 Correlation between Gmax and Moedo

For the design of foundations under dynamic loading, usu-
ally the shear modulus Gmax and not Mmax is needed. If
correlation diagrams as those in Figure 11 are applied, an
assumption concerning Poisson’s ratio ν is necessary in or-
der to convert Mmax to Gmax. A direct correlation between
Gmax andMoedo would be advantageous since it makes such
assumption dispensable.

In order to derive such a direct correlation, the dynamic
shear modulus Gmax was calculated from Eq. (1) using the
constants given in columns 2 to 4 of Table 2. The Moedo

data were already known from the analysis presented in
Section 6.1. In Figure 12 the ratio Gmax/Moedo is plotted
versus Moedo. Figure 12a presents the data of all tested
materials, Figure 12b those of all clean sands and gravels
(0.1 mm ≤ d50 ≤ 6 mm, 1.5 ≤ Cu ≤ 8, including also data
for L8) and Figure 12c the values for the silty fine sands
F2 - F6. Evidently, for a given material the Gmax/Moedo-
Moedo curves in Figure 12 show the same tendencies as the
Mmax/Moedo-Moedo relationships in Figure 11. Again, the
stiffness ratios determined for the clean granular materials
lie above those evaluated for the fine sands possessing a
certain amount of non-plastic fines. Based on Figure 12b,c,
Figure 12d presents a correlation diagram recommended
for a practical application based on the current experimen-
tal study, distinguishing between clean sands and silty fine
sands.

6.3 Correlation between Gmax and E50

A correlation between Gmax and E50 from the drained
monotonic triaxial tests has been also established, based
on the Young’s moduli calculated from Eq. (6) with the
parameters in columns 12 to 14 of Table 2. The correlation
has been evaluated for all ten sands for which E50(e, p)
data were available, and for the common ranges of Dr val-
ues from the RC and the triaxial tests (Table 3). Figure 13a
contains the data for all sands, while the diagrams in Figure
13b,c distinguish between the clean sands L2 - L16 (Fig-
ure 13b) and the silty sands F2 and F4 (Figure 13c). For
all tested sands and a given pressure, the ratio Gmax/E50

decreases with increasing values of E50. Considering a con-
stant value of E50, the ratio Gmax/E50 usually grows with
increasing pressure. For a given pressure, the range of the
stiffness ratios obtained for the various clean sands is sim-
ilar (Figure 13b), i.e. there is no significant influence of
the grain size distribution curve. The Gmax/E50 values of
the silty fine sands lie significantly below those of the clean
sands. Therefore, the correlation diagram recommended for
a practical application (Figure 13d) distinguishes a range
for clean granular materials and another one for silty fine
sands. The correlation shown in Figure 13d can be used
to estimate the dynamic shear modulus directly from the
E50 data available from drained monotonic triaxial tests.
The pressure-dependence can be considered by choosing
the lower range (for low pressures as p = 50 kPa), the
middle range (for medium pressures as p = 150 kPa) or
the upper range (for high pressures as p = 300 kPa) of the
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for practical application
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Fig. 12: Correlation between Gmax/Moedo and Moedo from oedometric compression tests for a) all tested materials, b) clean sands, c)
silty fine sands; d) correlation diagram proposed for practical application

bandwidths in Figure 13d (compare the pressure influence
in Figure 13b-c).

7 Summary and conclusions
Correlations between ”dynamic” (small-strain) and
”static” (large-strain) stiffness moduli proposed in the
literature have been inspected based on the data from
resonant column (RC) tests, oedometric compression tests
and drained monotonic triaxial tests performed on 19
sands or gravels with specially mixed grain size distribu-
tion curves. The small-strain shear modulus Gdyn = Gmax

and the small-strain constrained modulus Mdyn = Mmax

were obtained from the RC tests with additional P-wave
measurements. The data from oedometric compression
tests performed with three different sample geometries
were evaluated with respect to the large strain constrained
modulus Mstat = Moedo. The smallest tested sample geom-
etry (d = 100 mm, h = 18 mm) was found inappropriate
since even for fine sands it delivered significantly lower
Moedo values than both other sample dimensions (d = 150
mm, h = 30 mm and d = 280 mm, h = 80 mm). For uni-
form fine to medium coarse sands oedometric compression
tests with d = 150 mm, h = 30 mm seem to be sufficient

since similar stiffness values as for d = 280 mm, h = 80
mm were obtained. For coarse and well-graded granular
materials the largest sample geometry (d = 280 mm, h =
80 mm) was necessary to collect reliable Moedo data. For
the analysis of the correlations with small-strain stiffness
values, the Moedo data for the largest tested geometry
were selected for each sand. Beside Moedo, the large-strain
Young’s modulus Estat = E50 was derived from the initial
piece of the stress-strain curves q(ε1) measured in drained
monotonic triaxial tests. Both the small-strain and the
large-strain stiffness moduli were evaluated for different
pressures (50 kPa ≤ p ≤ 300 kPa) and relative densities
(common range usually about 0.4 ≤ Dr ≤ 0.9).

Diagrams showing the stiffness ratio Mmax/Moedo versus
Moedo have been established for each tested material. While
the range of the correlation proposed by the DGGT [9] fits
well for clean and silty fine sands, it significantly under-
estimates the dynamic stiffness of coarse and well-graded
granular materials. Consequently, based on the data from
the present study, a modified correlation diagram showing
Mmax/Moedo versus Moedo considering granulometry has
been proposed. Furthermore, alternative correlations be-
tween Gmax and Moedo or E50, respectively, have been also
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Fig. 13: Correlation between Gmax/E50 and E50 from drained monotonic triaxial tests for a) all tested materials, b) clean sands, c)
silty fine sands; d) correlation diagram proposed for practical application

developed. They can be used for a direct estimation of the
small-strain shear modulus based on oedometric or triaxial
test data. Such correlations are of advantage for a practical
application since an assumption regarding Poisson’s ratio
ν is dispensable. In contrast to the available correlations in
the literature, the range of applicability of the new corre-
lations (50 kPa ≤ p ≤ 300 kPa, 0.4 ≤ Dr ≤ 0.9) is clearly
defined.
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